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Bound p*u~ system
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We consider the hyperfine structure, the atomic spectrum, and the decay channels of theub@iind
system(dimuonium. The annihilation lifetimes of low-lying atomic states of the system lie in the'd@
range. The decay rates could be measured by detection of the decay pfbdiesnergy photons or electron-
positron pairs The hyperfine-structure splitting of the dimuonic system and its decay rate are influenced by
electronic vacuum polarization effects in the far timelike asymptotic region. This constitutes a previously
unexplored kinematic regime. We evaluate next-to-leading-order radiative corrections to the decay rate of
low-lying atomic states. We also obtain orde?m# corrections to the hyperfine splitting of the&§lnd 25
levels.[S1050-294@7)06511-9

PACS numbd(s): 36.10.Dr, 12.20.Ds, 31.30.Jv

[. INTRODUCTION next-to-leading order. We further discuss briefly the atomic
spectrum of dimuonium. The contribution of electronic
The bound system consisting of two mugdémuoniun)  vacuum polarization to the hyperfine structure and to the
can be produced in heavy nuclei inelastic scattering at higlklecay rate of orthostates lies in the far timelike asymptotic
energies and in particle decays. The decay of the neq’&al region. Its observation would constitute a test of QED in this
meson into dimuonium has been investigated theoretically bpreviously unexplored kinematic regime. Due to the small
Nemenov [1] (7°—dimuoniumty). The formation of length scale of the system, the hyperfine structure of the
dimuonium in pion-proton collisions 7 +p—dimuon-  dimuonic atom is influenced by the effect of hadronic
ium+n) and by photons on nuclei Z— dimuonium+Z)  vacuum polarizatiorat the level of one part in £9.
has been discussed if2]. For the direct production of Among the exotic atomic systems, some attention recently
dimuonium in muon-antimuon collisions, considerable ex-has been devoted to pioniufthe 7" 7~ system. The spec-
perimental difficulties associated with slow muon beamdrum and decay channels of pionium have been discussed
would have to be overcome. Another possible pathway foextensively(see, e.g.[5—7]). The production of pionium has
the production of the system, which we do not discuss in anppeen observed recentf]. The formation of bound atomic
further detail here, is the™e™ annihilation(near or above systems in particle decays has been observed earlier. Positro-
the w threshold. Dimuonium, once produced, undergoeshium has been detected in the decal—Pst+ y [9]. The
atomic decayinto energetically lower atomic stadesnd an-  bound system of a pion and a muom) has been observed
nihilation decay(into electrons and photonsBecause the in the deca)KEH(qr,u atom)+ v [10].
annihilation products are hard photons and relativistic In contrast to the short-livedr* 7~ system, wherer is
electron-positron pairs, the decays could be investigated exn the range of lum, c7 is in the range of 1 mm for dimuo-
perimentally by established methods of particle physics. nium, so that the atom could leave the beam target after
In this work, we devote special attention to the annihila-production. In any of the cases discussed the production rate
tion decay rates of low-lying atomic states. The decay rate ois expected to be proportional to the atomic wave function at
the S=1 orthostates of dimuonium has been evaluated byhe origin |1/,(0)|?=am’,5,0/87n® (we use relativistic
Malenfant in pioneering investigationg3,4]. The name units in whichA=c=1 anda=e?). Hence only low-lying
“dimuonium” was proposed if4]. This work can therefore states with a zero orbital momerf &tate$ are expected to
be regarded as a continuation of the earlier investigations obe produced.
the system. We try to refine the analysis of the orthostates This paper is organized as follows. We first study the
and we investigate in addition tife=0 parastates. We ob- spectrum of the system including radiative corrections
tain corrections to the decay rate in next-to-leading order. (Lamb shify in Sec. Il. We then proceed to an investigation
In this work we also investigate the hyperfine structure inof the hyperfine structure in Sec. Ill. As the highest accuracy
can presumably be obtained in decay rate measurements, we
devote special attention to the decay channels, which are
*Electronic address: ulj@nist.gov investigated in detail in Secs. IV and V we conclude in Sec.
Electronic address: sgk@onti.vniim.spb.su VI.
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R because pionium containes only spinless particles and the

- .
— - S = spectrum includes neither a fine nor a hyperfine structure.
—n, — p| s, __sp Dueto the strong interaction, the hadronic pionium system
e ---zh I|ve§ onIy_ a very short time and the atomic structure cannot
— 2P, an . be m_vestlgat_e_c(because the decay rate ex_ceeds the_ rate of

— >R atomic transitions By contrast, forP states in dimuonium,

— P the atomic transitiomP—n’S (n’<n) dominates over the
— 2p, | = 25, oS *hoT §?§; annihilation decay rate. The lifetime of the atomic levels is

considered in Sec. Ill.
The main contribution to the Lamb shift in dimuonium is
FIG. 1. Overview over the spectrum of=2 levels in hydrogen,  caused by the one-loop electronic vacuum polarization. Due
muonic_hydrogen £H), positronium, and dimuoniumu(* 7).  to the small spatial separation of the two muons in the
Double lines denote j[he hyperfine-structure_ splitting of the levels in,u+,u,_ system, the charge of the two particles, which is
hydrogen and muonic hydrogen, dashed lines deet® states, |arger than the effective charge to be observed at larger dis-
and full lines denotes=1 states. tance, is less screened and causes a deviation of the energy
levels of the ordew®m, . For hydrogen, the vacuum polar-
ization enters at the order @®m, , but for dimuonium, two
The dimuonic atom is an analog of the hydrogen, muonigowers ofa are compensated for by the muon-electron mass
hydrogen, and positronium atoms. The main feature ofatio (or, by employing a coordinate space picture, by the
muonic hydrogen gH) that differs from properties of hydro- smaller separation of the particjes
gen is the order of magnitude of the Lamb shift relative to We now turn to a brief discussion of the atomic levels of
the fine-structurefs) splitting (see, e.g.[11]). The fs split-  dimuonium. The effect of electronic vacuum polarization on
ting in wH and H(also in positronium and dimuoniun®s of  the spectrum is investigated. Any vacuum polarization inser-
the order ofa*m,, wherem, denotes the reduced mass of tion in the photon line can be represented as a substitution of
the system, which is roughly equal to the mass of the lightethe form
particle in a system with a heavy nucleus. In hydrogen the
Lamb shift is of the order of°m, , whereas in muonic sys-

Il. ATOMIC SPECTRUM OF DIMUONIUM

tems the Lamb shift is of the order @®m, because of the 1 o (= 1
large effect of vacuum polarization. The above consider- T ds p(s) - 1)
ations are parametrically true for all states, but numerical q°tle TJso q°—stle

coefficients turn out to be largest f& states. Because the

coefficients to the Lamb shift are negatiitee Uehling po- . . .

tential is attractivi S states are significantly lower in energy in the photon propagator. The mtegranon has to be per-

in muonic systems. In Fig. 1 we present an overview over théormed from the thresholdo of pair product!on of the loop

spectrum of hydrogengH, positronium, ande* u ™. parthle. _For_ electronic vacuum polarization, the spectral
In both hydrogen anqwH, the hyperfine structure is a function is given by(see, for instanc¢12], p. 323

smaller effect of orden“(mf/M) (M denotes the mass of

the nucleus This is different in positronium. Positronium

has a more complicated spectrum than the hydrogen atom. 1 4m§

Due to the larger magnetic moment of the “central” particle p(s)= 3s 1- S

(and its smaller magsand due to virtual pair-annihilation

processes, the effects that are responsible for the fine and

hyperfine structures and for the Lamb shift have the sam@&he substitution

order of magnitudex*m, . For positronium as well as for

hydrogen, the fine structure is defined as the separation of

levels with the same principal and angular orbital momentum am2

quantum numbers. v2i=1-—
In positronium, different quantum numbers have to be

used for the classification of levels from those in an atom

with a heavy nucleus. For a system with a heavy nucleus, thyjngs the one-loop vacuum polarization integral into the

total electron momerjt=1+sis conserved within the central ¢ [13]

field approximation. States are classifiechdg-. In positro-

nium the total spirS=s,+s, is an exactly conserved quan-

tity. States are classifyed asSF (denoted asn?S*1lg), , )

whereS=1 for an orthostate an8=0 for parastates. In all 1 _)gfldv v (1-v/3) 1

systems considered we denote the total angular atomic mo- g’+ie TJo 1-v2  @?—N%+ie’

ment byF. Although the atomic spectrum of dimuonium is

determined by a large Lamb shift of ordefm, (as is the

case foruH), the classification of levels is like in positro- For spacelike momentum transfer, this can be Fourier trans-

nium (quantum numberalSF). formed into coordinate space and yields the Uehling poten-
There exists no close analogy of dimuonium with pioniumtial

1+

2m§)
s -

@)

©)

S

4
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\ The Lamb shift values are in agreement with Malenfant’s
| results[4]. In contrast to muonic hydrogen, dimuonium is a
| purely leptonic system. Therefore, its spectrum is not influ-
| enced by nuclear structure effects.

lll. HYPERFINE STRUCTURE OF DIMUONIUM

The fine and hyperfine structures in dimuonium and pos-
itronium in lowest orderx*m are given by the formuléfor
details see textbooKd4.1,12,16 and article17-19)

I

I

| EndnISH= — 2 mt
| pdNISF) = 4n2m a’m

FIG. 2. Electronic vacuum polarization insertion in the Coulomb 11 8, (7 1-80
photon (main contribution to the Lamb shift in muonic systgms X ——+— (E O 0t —4 STF1
The dashed line denotes a Coulomb photon, bold fermionic lines 64n n ( )
denote muons, and thin lines denote electrons and positrons. 1
- )
2(1 02/3) 2n (2| +1)
VU(r)—— dv —e p(—Ar) |[— (5
_U
We have introduced the notation where
2Me [ 31+4
N (+1) (21+3 ©of F=I+1
The correction to the energy due to the diagram in Fig. 2 is 1
the main contribution to the Lamb shift. The evaluation of Bj,|=< — (1+1) for F= (10
the matrix element of the Uehling potential on the nonrela-
tivistic wave functions leads to the results listed in Table I. 31-1
The Rydberg constant for the dimuonic atom is given by e for E=|—1.
\ —
E a’m _om, 1406.61385) eV (7
= = = . ev, . . o
o 2 4 %) Herem is the mass of the constituent particle, iras m, for

positronium andn=m,, for dimuonium. Note that formula
using the recommended values for *=137.035 989 5(61)  (9) determines the position of energy levels in positronium
and m,=105.658 389(91) Me\[14,15. The approximate up to the order ofr*. Radiative corrections in Ps enter at the
Lamb shift values aréneglecting higher-order corrections order of «® and in dimuonium at the order @f®. However,
corrections, which are estimated to be suppressed by an afbr the fine and hyperfine structures of dimuonium in lowest

ditional factor ofa/ ) order, formula (9) remains valid. The results for the
hyperfine-structuréhfs) order in dimuonium in leading order
L£(1S)=-0.49 eV, L(2S)=-0.058 eV, are
L(2P)=-0.0014 eV. (8)

El(nS)=Eg/n®
TABLE I. Contributions to the Lamb shift due to the electronic
vacuum polarizationC is given in relative unitSAE= (/) CE,,

whereE, is the Rydberg constant for the dimuonic atom. where

State C L (eV)

1S —0.15 —0.49 7

2S -0.018 —0.058 Er=15 *m,=0.175 eV
2P —0.000 43 —0.0014

=4.23< 10" MHz. (11)
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FIG. 3. Transverse photon exchange diagram é&mdelike)

photon annihilation diagram. Both of the diagrams contribute to the

hyperfine structure oS states in leading order. The zigzag line
denotes a transverse photon and the wavy line denotes the full ph
ton propagator.

The hyperfine-structure interval®)(nS) arises from the ex-
change and annihilation diagranisee Fig. 3, which con-
tribute (4/7Eg and (3/7E to the Fermi energ¥r, respec-
tively. The tripletn 3S; states are energetically higher than
the singlen'S, states. FoP states, thex* corrections imply
the following order of the spectrum, in decreasing energy
n3P,, n'P;, n®P,, andn®P, (we follow here the usual spec-
troscopic notatiom?S*1l¢).

We now turn to the evaluation of radiative corrections to
the hyperfine-structure splitting folS states of order
(a/)Eg [corresponding to&/w)Eﬁ?s)]. Some contributions

JENTSCHURA, SOFF, IVANOV, AND KARSHENBOIM
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TABLE II. Corrections of relative ordes/ 7 to the dimuonium
hyperfine splitting. All contributions are explained in the text. The
corrections §-2)-T, Rec, VertA, VP-u-A, and 2A contribute to the
positronium hyperfine splitting just as in dimuonium. The remain-
ing contributiongVPC-T, VPT, VPCA, VP-e-A, and VPh-A) are
specific to the dimuonic system. Results are given in relative units
AE=al/7wCEg.

Diagram C(19) 8C(29)
" (g-2-T 0.571 0.571
Rec —0.857 —0.857
Vert-A —1.714 -1.714
VP-u-A -0.381 —-0.381
2A 0.263 0.263
VPC-T 0.605 0.523
~VPT 0.345 0.355
* VPCA 0.454 0.393
VP-e-A 1.483 1.483
VP-h-A —0.0809) —0.08Q09)
Sum 0.6899) 0.5569)

are the same for positronium and dimuonium and some are
specific to the dimuonic system. The contributions that arg
alike for both systems are depicted in Fig. 4. These contri-

rom the vertex correction to the annihilation diagréde-

butions originate from the anomalous magnetic moment o

the electron in the transverse photon diagratenoted as
“(g-2)-T" ], from recoil correctionsgdenoted by “Rec,

- —

(g-2)-T

—

Vert-A

>0

VP-p-A

I

I—
v

2A

A

FIG. 4. Known corrections up to the ordex/(mr) E¢ to the hy-
perfine splitting of dileptonic systemgositronium and dimuo-

nium). Diagrams are explained in the text. For the dimuonic atom,

oted by “VertA”), from the muonic vacuum polarization
“VP- u-A"), and from box diagrams corresponding to two-
photon annihilatioridenoted by “2" ). In this paper, due to
the multitude of corrections considered, we prefer to denote
the contributions by short abbreviations, which we hope are
self-explanatory, rather than single letters, in order to en-
hance the clarity of presentation. The results for the above
corrections are listed in Table Ifirst five contributions,
above the separating lineThe sum of corrections to the
Fermi energy of orderd/)Eg amounts td 12,20

AEgn$=% (12)

where the imaginary part is entirely due to paradimuonium.
It corresponds to the two-photon decay of the parasystem
(18,2

1 3

r'%(n 'sp)

2n
- =n%0.6021x 1012 s,
(13

=7%(n 18y)=
[e% mM

Now we turn to the evaluation of corrections specific to
dimuonium (the relevant diagrams are depicted in Fig. 5
We first evaluate the correction due to vacuum polarization
insertions in the Coulomb photon line. For the dimuonic
atom, the correction to the wave function due to electronic

the corrections depicted here contribute to the hfs, but there ar¥acuum pOmriZﬁtiOf.1 has r_e!atiV_e Ordeiﬂ-.and therefore
additional terms specific to the dimuonic system that need to bénodifies the hyperfine splitting i/ relative order. The

taken into account. The subtraction of lower-orde®) contribu-
tions is necessary for some of the diagrams in order to preve

order of magnitude of this correction is specific to the
rlimuonic atom(small length scale of the system; see Sgc. |

double counting. The bold fermionic lines denote muons. The diFor “VPC-T” (see Fig. %, the contribution is given by the

rection of time in all diagrams is from left to right.

matrix element
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‘ ‘ formed by standard formulas. We finally obtain a one-
O + C dimensional integral over the parameter of the Uehling
s s potential. For the $ ground state, we obtain

VPT
VPC-T

a (1. 4x3(1-v23)
AEypcr(19)= ;EFL dv

(2+x Jy1-0v?)®
x| 2+ 2 1 + 3 1—v?
X 12 7' Y
>wwm< -I-— >/\vvvwv< 4 2
+|s+ —X\/l—vz)
N Y [
g
VPC-A 2
R
X V1-v
o
= — (0.605E, (18
e E ar
>v“"\ﬂ/©d\h%< >\mn©mm<
where
VP-¢-A VP-h-A
FIG. 5. Corrections of orderd/ ) Eg to the hyperfine splitting X= aﬂ =1.508 86. (19
specific to the dimuonic atom. Diagrams are further explained in the Me
text.
For 2S, an analogous evaluation yields
AEypor=2%n To(U|SBIENVUlY), (14
L=2X— — r , a E
T e vy AEVPC_T(ZS)=;(0.523?F. (20)
where

The analytical calculations were partially performed with the
computer algebra systemATHEMATICA [22]. The contribu-
G_(E¢)= 2 | ) (Yl (15) tion due to the VPQA diagram can be evaluated by consid-
vnzy Ey—En ering the relative contributions of these diagrams to the first-

order hfs (4/7 and 3/7, respectivelyAn independent
is the reduced Coulomb Green’s functidthe pole of the evaluation is done by utilization of a spectral decomposition
reference state is excluded from the sum over all intermediof the reduced Coulomb Green’s function. If that represen-
ate states Because atomic momenta are of the ordewf,  tation of the Green’s function is chosen, then the calculation
in the system under consideration, it is sufficient to carry ouis closely related t¢23]. In order to simplify the calculation,
the calculations with nonrelativistic wave functions. The re-we observe that the perturbation can be expressed as a modi-
duced Green's function is a function of two coordinates fication of the wave function at=0. The discrete and con-
andr,. Due to the appearance of thiglike potential, the tinuous spectra give distinct contributions. The results of the
Green’s function is needed only for=0. It can be ex- respective termsgdiscrete and continuous spectrufor the

pressed in closed forif24] 1S and S states are
2 —2z4/2
_ ams 2e” 4 a 4 1A 0
Gis(E1s;00) =—— [224(Inzy+C) + 22— 52, 2] AEypor(15) =22 Eox e | 24280
4 Zq1 ™ 7 wlS(o) + -
o
and = ;[0.04+ 0.56]Ef, (21
_ am? g2 . and
Gos(Eas;0,r)=— 4 22, [425(z,—2)(Inz,+C) +z;
Er 4 |Ay,40)
— 1323+ 62,+4], 17 AEupe(2S :23 LV Bk 5\l
vecT(29) 7 8 7| 1e0) -
where C=0.57722... is theEuler constantz,=2am,r/n,
andm, denotes the reduced mass of the system=m,/2 _ ﬁ[_o 14+ 0 GG]E 22)
for the dimuonic atom The radial integration can be per- T ' T8
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The continuous spectrum contributifthe second numerical @ @

term in Eqs(21) and(22)] is very large. It can be understood ~ AEvpr(1S)=_0.34%¢, AEypr(25)= _0.35%F¢.

in the following way. If one would try to omit the energy of (25)
the intermediate state in the denominator of the expression

The results are included in Table II.
L The term due to the muonic vacuum polarization in the
A¢(0)=j d3r G(E,,0,r)Vy(r)(r) photon line in the annihilation diagrafdenoted “VPwu-
A") is known, since it has the same relative magnitude as
P (0) 4 (1) that of electronic vacuum polarization in the positronium
=f d3r E ?Vu(r)w(r) system. The electronic paftienoted as VR-A) is found
ni#¢ EyEn from the well-known asymptotic behavior of the vacuum po-

. ] larization[11,17]
in the sense oE,—E,—E,, then the result should include

a divergence in the sum over states. In view of the equation

S i wtba(0) 5, (r) = 8(r) — (0) * (r) (completeness of the _ 9 5 7 |Ee
spec{lun)l, this is seen as AEvpea(nS) = w7 §|n;§_ 9 3! n3 (26)
1 for g°=(2m,)? The contribution due to the electronic
f d3r >, — i (0) 5 (N (1) () vacuum polarization in the annihilation is the second largest
nl By correction to the dimuonium hyperfine splitting i = rela-
Vy(0)— (| Vy| ) tive units(see Table I, the result for VBE-A). The timelike
= E (0) vector g=(2m,,0) is lying in the far timelike asymptotic
4 region for the electronic vacuum polarization. The logarith-

) ] ] - mic term that appeared originally by the replacement
whereV(0) is a diverging quantitly. Its appearance meansing2/m2) — In(—g%n?) (going from spacelike to timelike
that virtual intermediate states with large wave numbersiryal photons leads to the imaginary part. It can be as-

k>am,, are important for the convergence of the integral for¢riped to the decay of the orthostate into free electrons
Ay(0) and they lead to a numerically large contribution. The(,u*,ufe y—ete)

final results for the VPG- and VPCA contributions are

listed in Table II. ,
The correction due to the vacuum polarization insertion 1 6n
: _ h _ [ () VK- P —n3 ~12
into the transverse photon lif®PT) is proportional to the TO(ns,) (n°Sy) Pl 1.806<10 ™ s.
matrix element 1 " 27

L v2(1-0%3) In contrast to positronium, the parastate and orthostate life-
a vi(l-v ; i i i i
M=<¢|V2Vu|l/f>:;fo do - fd3f|l/f(f)|2 times have the same order of magnitude in dimuonium

(aSmM).
The hadronic contributioidenoted by VF-A) to the
—a) p( 2mgr
r 1-v
aJl 02(1—02/3)J d3p
=—| dv
7Jo

X V?

main contribution results from a pionic loop. We follow here

] vacuum polarization is found as the sum of four terms. The
the approach ifi25]. The spectral function is of the form

1-v? (2m)3 (s—4m?)32
p(s)= W“:w(sﬂz, (28)
d3k . —47a(p—k)?
< [ oy, N - |
(2m) (p—k)“+4mg/(1—v°) where the pionic form factor is used in the form given by

23) Gounaris and SakurdR6|

The matrix elementM is evaluated both in momentum _
space and in coordinate space with the same result. We ob- Fa(s)= D,+D,—iD3’ (29)
tain for the 1S state

The quantitieN, D4, D,, andDg, are given by

M(1S) = az(amﬂ)4 1d v3(1—v23) 2N+ am, )
(18)=—7_ f — vt am)? N=mi+dm,T,, (30)
(24)
o . 3mi m,+2k, m, mim,
where\ is defined in Eq(6). The final results for the VPT d=——In 3 ~0.48, (31

T K2 2m +2’7Tkp_ wk’

contribution(after numericab integration are p g
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Dy=m?-s, Dz=m,I',[k(s)/k,]°m,/ s,

p

(32)
m2

Dzzrpk—g{k(s)z[h(s) —h,]+k3h' (m2)(m2—s)},

’ (33

whereh’ denotes the derivative ¢f and the functiong& and
h are defined as

2 k(s)

7 s

In

Js+ 2k(s))

2m

k(s)= %\/s—4mi, h(s)=

m

(39

with the special valuesk,=k(m’), h,=h(m?), I' =
150.7(.2) MeV, andm,=768.5(6) MeV [15]. We give
results for the $ state only in the following. The b# scal-

ing is easily restored in the final result. The contribution

from the pionic vacuum polarization is given by

AE..(15=22 4m2jx ds" g
L 1222
T w7 H 4m? 4mi—s F
o
= (~0.055E; . (35)

In the simple p-meson pole approximation,
p(s)=4m?f25(s—m?) with f2/47=2.2[27), we have

AE,, (1S)~AE,(15)= %(—O.OSQEF . (36

This result agrees with the full pion form factor of Eg9)

-~ SYSTEM

where

4489

o
AE.(19)~ ;(—0.014)EF. (39
Summing all contributions and restoring th@3.caling, we

have as the contribution from the hadronic vacuum polariza-
tion

AEvp_h_A(nS):AE7+AEw+AE¢+AE>

%~ 0.089)]F 40
=—[—0.08Q )]F' (40)
We estimate model-dependent uncertainties in the hadronic
vacuum polarization to be of the order of 11%. The hadronic
term is included in Table I{the result for VPR-A).

The sum of all correctionésee Table Il to the hyperfine
splitting in dimuonium amounts to

a a Er
AEu(1S)= ;0.685(9)E,: . AE(29)= ;0.5569)?.
(41)

In the final results for hyperfine splitting, we estimate higher-
order corrections to enter at the 5% level of the next-to-
leading-order contributions. We obtain

Ene(1S)=4.232 8335)x 10" MHz (42)

and

En(2S)=5.289 4134)x10° MHz. (43
Results for the Lamb shift and the hyperfine structure of
low-lying levels are presented in Tables | and Il. The largest
deviation from the scaling appeared in VACand VPCA

to about 10%, so it is justified to consider mesonic resocontributions (16%) because the wave functisee Egs.
nances of higher energy in the pole approximation only. Thé21) and(22)] is more sensitive to the behavior of the poten-
higher energy mesonic contributions are due toahend¢  tial about the origin. o o
resonances. These resonances are not included in the An important point for a possible investigation of the
Gounaris-Sakurai form factor and are treated separately. E§Pectrum is the lifetime of levels. As one can see from Egs.
timating the coupling constants at?/4w=18(2) and (13) and(27), the annihilation lifetimes o§ levels are much

ifeti - -6
f(2ﬁ/477:11(2) [25,27 and given the meson masses of shorter that the lifetime of the free muor),=2.20<10™" s.

m, =782 MeV andm,=1019 MeV[15], the results are

AE,(1S)= %(—o.oanF, AE4(1S)= %(—O.OOSEF.

(37
The background above 1 GeV is estimated by assuming
form of
© R H R o(ete”—hadrong 39
s)=-— where R= ,
P 8s olete —utu’)

for the spectral function with a branching rafi=2 (con-
stan} below \s=4 GeV andR~4 above.s=4 GeV (see

[15], p. 190. Integrating from an estimated lower threshold

of syy=~(1 GeV)? we obtain

By contrast, the annihilation decay rate forstates includes
an extraa? and the lifetime is of the same order of magni-
tude as that of the free muon.

The decay rates of excited states have to be compared
with the atomic transition rates, which are also of the order
of a®m, (see, e.g.[16]). We obtain

a 7(2P—1S8)=1.54x10" " s. (44)
Annihilation of P states is suppressed by two ordersaof
compared toS states due to the behavior of the wave
function near the origin. Therefore, the annihilation lifetime
of the 2P state can be estimated to be of the order 613
and it is seen that the atomic transition, not the annihilation,
determines the lifetime of the excitedP2state in dimuo-
nium.

This situation is different folS states, where the annihi-
lation dominates over atomic transitions. The annihilation
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VAN +
> < AN :]:iiﬁfi\:
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PM

FIG. 6. Decay channels of orthodimuoniuimne-photon decay
into an electron positron pair, OMand paradimuoniumtwo-
photon decay, PM The decay channels depicted yield the main
contribution to the decay of the systerh pf orderasm#). Bold
fermionic lines denote muons and thin lines denote electrons anc
positrons.

lifetimes of 1S and 25 states lie between 0:610 12 s and
14x1071'%2 s and we expect that the decay rates could be
measured via detection of the decay products. Radiative cor
rections to the decay rates are considered in the following
section.

IV. DECAY CHANNELS OF ORTHODIMUONIUM

The leading-order contributions to the orthodimuonium
and paradimuonium decay rate can be extracted as the imag
nary parts of the energy corrections to the hyperfine structure

5 a5m

a m
rOmds)=—=~«, romis))= k(45
(n°S)=—— (n'Sy)=——*. (49

The calculations at leading order were presented afpBgs.
(13) and(27)] (see also Fig. 8 The above results can also be
found in[3,4].

We begin the consideration of radiative corrections with
orthodimuonium and provide results for thé& ktate here.
Results for the 3 state(and 1S) are summarized in Table
lll. The diagrams contributing in next-to-leading order for
orthostates are depicted in Fig. 7.

The VPCA correction can be interpreted as a modifica-
tion of the wave function at the origin. The energy shift and
decay rate are both proportional [#(0)|2. The annihilation
diagram contributes (3/Ef to the first-order result for the
hyperfine splitting. Hence the VP&-diagram yields a cor-
rection of

TABLE lll. Corrections of relative orderw/ 7 to the orthod-

VPC-A

>0

VP-p-A

>

VP-e-A

>

VP-h-A

VPC-A

ReA

M

+ 5 sym. diag.

3 <

BeA®

imuonium decay. Results are given in relative units

AT(n 3S))=alwCTO(13S)).

Diagram C(19) 8C(29)
Vert-A —4.00 —4.00
VPC-A 1.06 0.92
VP-u-A -1.78 —-1.78
VP-e-A 6.92 6.92
VP-h-A —0.374) —0.374)
BeA+ReA 0.75 0.75
3A 1.16 1.16
Sum 3.744) 3.604)

FIG. 7. Ordera/w corrections to the decay channels of ortho-
dimuonium. The five symmetrical diagrams originate from the sym-
metrization of photon wave functions.

a7
AT \pca(13S)) = —3x o.454 roass)

=%1.0(T<°)( 13s)) (46)

to the decay rate. Analogous considerations are true for the
Vert-A correction because the diagrams consist of separated
blocks and hence the correction to the hfs and to the decay
rate can be traced back to the same matrix element of the
wave function. We obtain
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FIG. 8. Evaluation of bremsstrahlung and electron vertex corrections to orthodimuonium decay as the imaginary part of the two-loop

vacuum polarization insertion in the photon line.

. a o s We now consider the one-loop radiative corrections to the
AT vera(N°Sy) = —4;F( '(n®sy). (47)  electron line ReA and emission of a photon by an electron,
i.e., bremsstrahlungBeA). The sum ofBeA+ReAcan be

. easily obtained from the diagrams in Fig. 8 for the two-loop
The diagrams VRs-A, VP€-A, and VPh-A have to be  gjacron polarization correction to the hyperfine splitting,

interpreted as modifications of the photon propagator. Beyhich is completely determined by the asymptotic behavior

cause the energy shift is proport_ional to th_e amplityde Of eyt the two-loop vacuum polarizatioisee, e.g.[13]). For the
propagator, but the decay rate is proportional to its square, rrection to the hyperfine splitting, we obtain
we have to multiply the relative correction to the hfs by a

factor of 2 in order to obtain the relative correction to the ,

decay rate. Hence the VR-A, VP-e-A, and VPh-A dia- _ a®3/1 q 5 T
grams yield a total correction of AEyp.o(n§= =7 ZlnﬁJr (B =54~ 71 FEFr
e
(48)
bl _1_6+ fm(zﬂ) _1_0_0_37(4)}1%0)(”351) wherg q2:4mi and §(3)=.1.2(2... i.s th'eRieman.n zeta
m 9 3 me/ 9 function of argument 3. This correction is of relative order

a2 with respect toEg and therefore was not considered
to the decay rate. in Sec. lll. The imaginary part of this contribution is just the
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result for the sum of the diagranise A+ BeA The correc-

tion to the decay rate can now be evaluated easily. The sum I * ;{ * ij * 721 +sym. diag. - -L.0.
of ReA+BeAyields a correction of N ~ o J
3 @ Vert-2A
2213
7 10’s)
relative to the leading-order resiittf. Egs.(26), and(45)]. E:W :[W< . S
The last term in relative ordew/w is the three-photon o — I<
annihilation. The result is known from orthopositronium cal- VPC-2A - v
culations[28] (see alsd16,12,29): A2e
2048 1 72—9 FIG. 9. Order a/7 corrections to the decay channels of
AT 30(n3S)) = — =9 m, paradimuonium. The symmetrical diagrams originate from the sym-
™ n metrization of the photon wave functions.
:f[f(w?l_g) rOn3s,). (490  the VPCA correction. The atomic momentum in dimuonium
™ 3 is of the order ofam,, /2= km, (x~0.75). This momentum

is close to the mass of the loop particletectrons and pos-

The final result for the $ decay(see also Table Ijlis itrons) of electronic vacuum polarization. These particles de-

allda 2m 221 (m2—9) termine the radius of the Uehling potential. Therefore, some
AT(13S))=— (—In—”— —) +0.684)+ ———— of the momentum integration for the VP&-correction is

73 me 36 3 performed in an area about,, where the bound Coulomb

XT(13s,) Green'’s function cannot be approximated by the free Green’s

function (because the effect of the binding Coulomb poten-
tial, in momentum space, is inversely proportional to the
square of the momentum transfeFhis consideration should
explain the slight numerical disagreement for the VRC-
correction between this work and the resul{ 4.

The sum of next-to-leading order corrections to the decay
rate for the & state is(see Table 1)
The first term corresponds to the sum of the analytically
evaluated contributions VeA; VP-u-A, VP-e-A, and
BeA+ReAand has the numerical value 1.90. The second
term originates from the numerically evaluated contributions
VPC-A and VPh-A. The last term is associated with the We estimate the higher-order corrections to be suppressed by
three-photon decay. The result in E§O) has to be com- an additional factor ofx compared to the next-to-leading-
pared with the ear”er ana'ysis Of the decay rate Of heavyarder reSU|t. We Obtain the fO"OWing reSUItS fOI’ the decay
leptonium[4]. The final result for the analytically evaluated rate of orthodimuonium, taking into account also the uncer-
contributions, which is identical to the first term in E§0), tainty from our model of the hadronic vacuum polarization:
whose analytical expression is (4/3)] —221/36, is _
found to beyin agreepment with tr(1e p)ior’r;%/erpierzg investigations 7(1°S,)=1.790 7877)x 10" **s,
by Malenfant[4]. For the VPCA correction, Malenfant’s
results are in slight numerical disagreement with dwee
Eqgs.(77) and(78) in [4]]. We presume this disagreement can
be traced to the fact that Malenfant has calculated the VPC- V. DECAY CHANNELS OF PARADIMUONIUM
A correction with free Green’s functions, whereas the evalu-
ation in this work is done using bound Green'’s functions. In
this context it is important to note that in the limit of
am,/2m.—0, our result is in agreement with that of Malen-
fant. Th'_S can be seen as_follows. The VRorrection may TABLE IV. Corrections of relative ordes/ s to the paradimuo-
be rewritten as a correctioh(0) to the wave function at piym decay. Results are given in relative units

° (013
~—[1.90+0.684)+ 1167 ?(1°S,)

- %3.74(4)1"(0)(1351)- (50

AT(2%s)) =%3.6Q4)F<0)(2381). (52)

7(23S,)=14.330%59) X 10 *? s. (53

The diagrams contributing to paradimuonium decay in
next-to-leading ordenﬁmM are presented in Fig. 9 and the
results are summarized in Table IV. The vertex correction

the origin. After this reinterpretation, we find AT(n 1Sy) = a/ mCTO(1 1Sy).
a3 am ;
Ag(0)=— —K+O(K2) #(0) for k= L0, Diagram C(19) 8C(29)
T\ 16 2m,
(51) Vert-2A —-2.53 —-2.53
VPC-2A 1.06 0.92
which is in agreement with Eq80) of [4]. We can therefore A2e 6.26 6.26
conclude that in the limit of weak binding«(~0), Malen-
fant’s result is in agreement with ours. However, we hold the  sum 4.79 4.65

view that bound Green’s functions should rather be used for
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in relative units, we divide by the first-order result, which is
! given byI'(©)(0,0). The correction relative to the first-order

AR resultl'(©(n'Sy) is given by
|
| |
! ! AT pze(n*Sp) aj r'9(s,0)
——————=2—| ds p(§)———. 56
C)M oo romsy) m) ©P¥rog (59

An additional factor 2 appears because the insertion of a
vacuum polarization operator doubles the number of non-
equivalent diagrams contributing to the imaginary part. For
the logarithmic coefficient we may neglestin T'(°)(s,0),

‘§ approximatel'(9)(s,0)—T"(9(0,0), and use the asymptotic
) form of the spectral functioficf. Eq. (2)]

|

T

|

|
1 |
|

7 \ )
R
1
T &1
V"Q | MV@/
| .
I

FIG. 10. Evaluation of corrections to the paradimuonium dec
caused by the production of an electron positron pAR«g correc-

T,

1
| p(S)—>3—S for s—oo,

ayWe can thus easily obtain the logarithmic coefficient

tion). AT pze(N'Sp) A?=my? 11 m, 4 m,
—_— =2 ds—=2zIn—<==In—.
F(O)(nlso) (Zme)Z 3s 3 mg 3 Mg
term (Vert-2A) is equivalent to the corresponding correction
for parapositroniunj30] The full result requires a more detailed analysis of the de-
pendence of (9)(s,0) ons. It differs from the approximate
a 20— 72 analysis presented above only by an additive constant. The
AT yeron(ntSy) = — p romisy). (54  final result of the calculation is
_ _ . af4 2m, 16\1
The correction to the wave function caused by the \WC- AT pre(N*Sy) = pe §In o9 —3F( (n'Sy). (57)
e n

diagram modifies the decay rate of the parasystem in the

same way as the orthosystésee Table IV and introduces a _ . . .
deviation from the 12 scaling. An independent evaluation of th&2e correction using the

For the parastate, there exists another correction to thetandardS-matrix formalism is used to verify the result in
decay rate corresponding to the decay into a photon and A%q. (57). The treatment of the Dirac currents involved is

electron-positron pair. The result for téee correction can  SiMPlified by the application of a symbolic prograr2]

be obtained in the following way. We consider the one-loopd€veloped for high-energy physics calculations by Hsieh and

vacuum polarization insertion into a two-photon annihilation Y €hudai. Some care rp]ust lbe taken dutr)lng evalluatlo_n bﬁca}ysel
diagram(Fig. 10. Because the vacuum polarization insertion®N€ ¢annot assume the electrons to be massless in the fina
evaluated for a real photon, must be equal to Zeguge _states(the result otherwise includes a Iogarlthm|c divergence
invariance of vacuum polarizatiprthe imaginary part of the in the e_Iectron mass Proper regular_|zat|0n of the relevant
diagrams in Fig. 10 leads to the result we need. We can usgXPression then leads to the result in Esp). -

Eqg. (4) for the parametric form of the vacuum polarization The final result for the next-to-leading-order radiative cor-
insertion, and we consider tigintegration as the final one. rections to paradimuonium decésee Table 1V is

The integrand is now equivalent to the imaginary part of the o

2A diagram for the hfs, but with one of the photons having a AT(11S)) = 4.7 (11s,). (58)

finite masss (s corresponds to the sum of the four momenta ™

of the emerging electron-positron paifhe vacuum polar-

ization insertion normally fixes a gaugthe Landau gauge FOf the & state, we have

for the virtual photon because the polarization insertion is

proportional to the transverse projector. However, as demon- AT(2'S)) = ﬁ4_65>< ro2ts,). (59)
strated in[31], it is possible to substitute in Eq4) any ™

covariant gauge. For convenience, we choose the Feynman = ] ]
gauge. As a result we have the expression Estimating higher-order corrections to enter at the level of

5% of the next-to-leading-order contributions, we obtain the
theoretical values for the paradimuonium decay

AFAZe(nlso)=% f ds p(s)I'9(s,0) , (55 7(11S,)=0.595 4733) X 10~ 1255,
and

whereT'(%)(s,0) is the decay rate to one real photon and a
virtual photon with mass. In order to obtain the correction 7(21Sy)=4.765 325 x 10 *? s, (60)
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VI. CONCLUSION

_ | r(1'sy)=|1+ 34-79}F(0)(1150),
We evaluate next-to-leading-order corrections to the spec- T 66)
trum, to the hyperfine splitting, and to the decay rate of low-
lying levels of the dimuonic system. The results for the spec-
trum are given in Sec. Il. We observe that fd? 2tates, the [(21Sy)=|1+ 34.65}1“(0)(2180).
atomic decay into the 8 state dominates over annihilation ™
processes. This would facilitate experimental observation of
the atomic transition if dimuonium atoms can be produced ifrpe |ifetimes are given by
guantities sufficient to carry out spectroscopic measure-
ments. We evaluate the hyperfine splitting o6 and 25
states in next-to-leading order. The results are 7(1'Sy)=0.595 4733)x10™** s, 67)
@ 7
Enis(1S)=| 1+ -0.6899) 1—2a4m# 7(21Sy) =4.765325) X 10 12 s,
—4.232 8335)x107 MHz (61 \we estimate higher-order QED corrections to enter at the 5%
and level of the next-to-leading-order corrections considered in
this work.
o 7 Lifetimes in the 102 s range can be measured by estab-
End(25)=|1+ —0.5569) 1—2a4mp, lished methods of particle physics via detection of the decay
products(electron-positron pairs in the case of orthodimuo-
=5.289 4134)x10° MHz. (62 nium and two photons in the case of paradimuoniuiie

. _stress that accurate decay rate measurements can be accom-
We present a complete evaluation of all next-to-leadingpjished with fewer individual atoms than would be needed
order radiative corrections to the lifetime of both the orthos-for spectroscopic investigations.

tate and the parastate of the dimuonic atom. In leading order, One of the ways to investigate the hyperfine structure of

we reproduce the known resuft3,4] 1S or 2S states could be based on the observation of the
5 5 interference between paradimuonium and orthodimuonium

ey & m, ey & m, in an infrared frequency field at resonan¢the radio-
F(n"Sy) 6n3 ' IS 2n3 63 frequency field would mix the two states and thus yield a

modified decay rate of the statistical sampM/e conclude
as imaginary contributions to the hyperfine splittifigqs.  that the dimuonic system offers the possibility to observe

(13) and (27)]. quantum electrodynamic effects in a previously unexplored
The results in next-to-leading order are, for orthodimuo-kinematic region.
nium, Note added in proofAfter this work was submitted, Pro-
fessor W. W. Repko informed us about an evaluation of the
3cy_ « (0)/13 hadronic vacuum polarization contribution to the hyperfine
FASy=|1+ W3.744)}F (1S, splitting in the dimonic systerf83]. Our result in Eq(40) is
(64) in agreement with this previous estimate.
o
r23s))= 1+7—T3.6(I4) ro3s),
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