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ABSTRACT. In this paper, we prove a range and existence theorem for mul-
tivalued pseudomonotone perturbations of maximal monotone operators. We
assume a general coercivity condition on the sum of a maximal monotone and
a pseudomonotone operator instead of a condition on the pseudomonotone op-
erator only. An illustrative example of a variational inequality in a Sobolev
space with variable exponent is given.

1. INTRODUCTION

We are concerned in this paper with a range and existence theorem for mul-
tivalued pseudomonotone perturbations of maximal monotone operators and its
corollaries. In the theorem, as in Theorem 2.1, [7] and Theorem 6.1, [§], we
assume a coercivity condition on the sum of a maximal monotone and a pseu-
domonotone operator rather than on the pseudomonotone operator solely (cf. e.g.
[T, [4L 3L @, 10, 13, [14]). As consequences, we obtain improvements and unifications
over a number of theorems in which various types of conditions were assumed, for
example, in Theorem 5.2 and Corollary 5.2 of [10], where the coercivity condition
was assumed on the pseudomonotone operator only or a linear growth (from below)
of the pseudomonotone operator. We also obtain as corollaries existence theorems
for variational inequalities containing multivalued pseudomonotone operators. As
an illustrating example for the abstract results, we study the existence of solutions
to a variational inequality in a Sobolev space with variable exponent.

2. MAIN THEOREM

Let X be a reflexive Banach space with norm || - ||, dual X*, dual norm || - ||,
and dual pairing (-, -). We shall use “—” for the weak convergence in X and “—*”
for the weak* convergence in X*. This different notation is only for clarity and is
not essential since the weak and weak* convergences are the same in X*. Assume
A,B: X — 2% are multivalued operators from their corresponding domains D(A)
and D(B) into the subsets of X*. As usual, R(A) denotes the range of A. We
shall use the definitions of maximal monotone and multivalued pseudomonotone
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operators together with their properties as presented in [4 [10| 3], etc. Their
definitions are included here to avoid confusion.

Definition 2.1. (a) A mapping 4 : X — 2% is called monotone if
(u* —v*u—v) >0, forall (u,u"),(v,v*) € Gr(A),

where Gr(4) := {(w,w*) € X x X*:w* € A(w)} is the graph of A.

A monotone mapping A is called maximal monotone if the graph of A is a
maximal subset of X x X* with respect to the set inclusion partial ordering of
X x X*.

(b) A mapping B : X — 2% is called pseudomonotone if

(i) B(u) is closed, bounded, and convex for all u € D(B);

(ii) B is upper semicontinuous from each finite-dimensional subspace of X
to X* with the weak topology;

(iil) {un} is a sequence in X and {u*} a sequence in X* such that u,, — u,
ul € Bluy,), Vn € N, and limsup,,_, . (u, u, — u) < 0, then for each v € X there
exists u*(v) € B(u) such that liminf, . (u}, u, — v) > (u*(v),u — v).

In the sequel, we use the notation Br(0) = {u € X : |lu]| < R} for the open
ball centered at 0 with radius R, Br(0) = {u € X : |lu]| < R} for the closed ball
centered at 0 with radius R, and Sr(0) = {u € X : ||u|]| = R} for the corresponding
sphere.

Our main result is the following theorem.

Theorem 2.2. Let A : D(A)(C X) — 2% be a mazimal monotone operator,
B:DB) =X — 2X" be a bounded multivalued pseudomonotone operator, and
L € X*. Assume there exists ug € X and R > |jug| such that D(A) N Bgr(0) # 0
and

(2.1) (€+n—L,u—wuo) >0,
for all w € D(A) with |ul| = R, all £ € A(u), n € B(u). Then the inclusion
(2.2) A(u) + B(u) 3 L

has a solution, i.e., L € R(A+ B).

Proof. The proof is divided into several steps.

Step 1. We prove that given any uy € X, there exists a continuous, strictly increas-

ing function f : [0,00) — [0, 00) such that f(0) =0, lim f(r) = +oo, and for some
r—00

M >0,

(2.3) inf (n,u—wuo) > —f(||u]]) = M, Yu e X.
neB(u)

In fact, for r > 0, put fi(r) = sup{||nll« : » € B(u),||u]| < r}. By the boundedness
of B, fi(r) € [0,00), ¥r € [0,00). Moreover, from its definition f; is increasing on
[0, 00) and

(2.4) [nll < fi(llull),Vu € X, n € B(u).

Let f be a continuous, strictly increasing function from [0, 00) to [0, 00) such that

(25) fl(T) < fg(’l"),V’F € [0700)7
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and lim fo(r) = oco. The function fs can be simply constructed as a piecewise
r—>00

linear function as follows. Let ag = 1 +sup{fi(r) : r € [0,1]} and
an =1+ max{ap_1,sup{fi(r):r € [n,n+1]}} forn=1,2,....

We define fo by fao(t) = a, if t € {0,1,2,...} and f2(¢) is linear in the interval
[n,n+1] for all n € {0,1,2,...}. Tt is clear from this construction that fo(r) — oo
as r — o0o.

For uw € X with |lul| < |luo|| and for any n € B(u), we have from (24) and (23]
that

(2.6)  [(n,u—uo)| < [nll«(llull + luoll) < fi(llul)2luoll) < 2fa(lluoll)][uoll-

For u € X with [Ju| > |luo| and for n € B(u), as in the above estimate, we have

(2.7) [(m,uw = o) < 2 fo([Juf])full-
Hence, for all v € X, all n € B(u),
(2.8) [, u = uo)| < f([Jull]) + M,

with M = 2fs(|luo|)|lwoll = 0 and f(r) = 2rfa(r) (r > 0). It is clear that f is
continuous and strictly increasing from [0, c0) into itself, f(0) = 0, and f(r) — oo
as 7 — 0o. Also, (23] is an immediate consequence of (Z.8]).

Step 2. Let a be a positive number (the choice of « is given in the next step). Let
us define

(2.9) g(t) = 2atf(2at), t € [0, 00),

with f given in Step 1. We see that ¢(t) is also a continuous, strictly increasing
function from [0, co) into itself with g(0) = 0 and g(t) — oo as t — co. We construct

in this step a continuous, strictly increasing, convex function ® from [0, 00) into
itself such that ®(0) = 0 and

(2.10) [@(r) = ®(s)](r —s) = g(|Ir — s]) = Mo, Vr, s € [0,00),

for some constant My (independent of r and s). We first define a sequence {b,}
inductively as follows. Let bg =0, by = ¢g(3) + bp + 1 = ¢(3) + 1, and in general,

(2.11) bp41 =14 max{2b, — b,—1,max{by +g(n +3—k): k€{0,1,...,n}}}.

We define the function ®(t) (¢t € [0,00)) by ®(n) = b, for all n € {0,1,2,...}, and
®(t) is linear on each interval [n,n + 1] (n =0,1,2....). Since 0 < b,, < b,+1 and
bpt1 — by, > b, — b,—1 for all n, ® is continuous, strictly increasing, and convex
from [0, 00) into itself. Clearly ®(0) = 0 and since b,+1 > b, + 1,Vn, we see that
O(t) — o0 as t — oo.

Let 7,8 > 0 and assume without loss of generality that r > s. First, let us
consider the case where r — s > 2. There are unique n,m € {0,1,2,...} such that

(2.12) n<s<n+1l and m<r—s<m-+L
We have m > 2 in this case. It follows from (ZI2) that » > n + m and therefore
(2.13) O(r) > d(n+m) and D(s) < ®(n+1).
Since n +m > n + 2, we have from (2ZI1]) that
bptm > b +gn+m+2—k), ke {0,1,....n+m—1}.
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With k=n+1<n-+m—1, we have
Q(n+m) =byym >bpp1+9g(m+1)=(n+1)+g(m+1).
Hence, from ([ZI3]), we obtain
[@(r) = B(s)](r = 5) = @(r) = B(s) = @(n+m) —P(n+1) > g(m+1) >g(r—s).
We have shown that
(2.14) D) — B())(r — 8) > gllr — s1) > g(lr — s]) — 9(2),
<

for all v, s € [0,00) with |r —s| > 2. If |r — s| < 2, then g(|r — s])
® is increasing,

g(2), and since

(2.15) [@(r) = @(s)](r —5) = 0= g(|r = s]) = 9(2).

From ([2I4) and ZI3), we get ZI0) for all r, s € [0, 00) with My = ¢(2)(> 0).
Step 3. Since X is reflexive, there exists a norm || - ||p on X such that X and X*
are strictly convex under || - ||o and its corresponding dual norm || - ||ps. Let oo > 1
be such that

(2.16) o Hull < Jull < aflull, Vu € X,

and let ® be the function constructed in Step 2 with this . From Proposition 2.3,
[12], there exists a (unique, single-valued) duality mapping @ : (X, ||-[lo) — (X", ||
lox) associated with @, that is,

(2.17) (Qu),u) = [|Q(w) [o«]ullo,
and
(2.18) 1Qw)llow = ®([[ullo), Vu € X.

It is known (cf. Proposition 2.1, [I2]) that @ is a monotone operator with D(Q) = X
and

(2.19)  (Qu) = Qv),u—v) = [([lullo) — 2([|v]lo)]([[ullo = l[v]lo), Yu,v € X.

From 2I8), @ is a bounded mapping; moreover, @ is hemicontinuous on X. Ac-
cording to Proposition 2.5, [12], @ is a (single-valued) bounded pseudomonotone
mapping from X to X* with D(Q) = X. Let ugp be a fixed element in D(A). Let
u,v € X. If |lul| > 2a2|jv||, then from ZIT) and @I)-@I0), |lulo > 2||v]lo and
thus

(Qu) = Q(v),u—v) = g(llullo —[lvflo) — Mo
> 2a([lullo = [lvllo) f2e(llullo = lvllo)] = Mo.

Since [ullo — [|[vllo = 3l|ullo, by @I0) and the increasing monotone property of f,
we have the following estimate:

(2.20) (Qu) = Q(v),u —v) = allullof(allullo) = Mo = [lull f([|ull) = Mo
(f [Jull = 202 o).

Step 4. Let L € X*. Let R be a positive number such that D(A4) N Br(0) # 0 and

let Ir = I 5y be the indicator functional of the closed ball Br(0):

a_J 0 i ueBg0),
Ir(u) {oo if w ¢ Bgr(0).
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Ir is a convex, lower semicontinuous, proper functional from X to [0, 00] with

D(Ig) = Bg(0). Its subdifferential I : D(0Ir) — 2% is a maximal operator

with domain D(0Ir) = D(Ig) = Br(0). Thus, D(A)N[D(0Ir)]° = D(A)NBg(0) #
(), which implies that A + 0Ir is a maximal monotone operator and moreover
D(A+ 0Ir) = D(A) N Br(0) is a bounded set.

Let @ be constructed in Step 3. For ¢ € (0,1) (being fixed in this step), we

consider the inclusion of finding

(2.21) u € D(A+dIr)(= D(A) N Br(0))

such that

(2.22) (A+0Ig)(u) + (B+eQ)(u) > L,

that is, finding u satisfying (Z21I)) and ¢ € (A + 0Ir)(u) and n € B(u) such that
(2.23) C(+n+eQ(u) = L.

Note that B+eQ is a (multivalued) bounded pseudomonotone operator with domain
D(B +¢eQ) = X. We prove that [Z23)) (i.e. (Z22))) has a solution. Let u; be any
(fixed) element of D(A) N Br(0). We check the following coercivity condition:

(2.24) f dbu—w)
pe(B+eQ)(w)  |ull

In fact, let u € X with |Ju| > max{2a?||u;||,2¢71} and € € B(u), p =n+eQ(u) €
(B +eQ)(u). We have from (Z20) with v = u; that

(Qu) = Qur), u —wr) = [lull f([Jull) — Mo.

— o0 as |ul| = oo.

Hence,

(2.25) <QW%U—UDZIMUNMD—ﬂ%—IQWQW<1+——>WM
It follows from (Z3)) and this estimate that

(pou—u1) = (n,u—u1) +£(Q(u),u — u1)

> =l = 51 + el () = Mo ~ QG- (14 555 )

\%

wwvnmmwwww@—@wm(uuiyw

202

V

€ 1
> Slull(hul) = 1 = Mo ~ Q) (1+ 55 )
Thus, for all u € X with |Ju| > max{2a?||u1||,2¢7}, for all u € (B + Q) (u), we
have

1) = Q). {1+ 577 ) = 0

Since f(r) — oo as r — oo, this estimate immediately implies ([2:24). We have
verified that A + 0Ir and B + e satisfy the conditions of Theorem 5.2, [10] (see
also similar results such as Theorem 3.2 in [9], Theorem 7 in [4], or Theorem 2.12
in [13]). According to that theorem, (223 (or equivalently, (Z22])) has at least one
solution v € D(A + OIR).
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Step 5. Let R be as in Step 4. For each € € (0,1), let u = u. € D(A+ JIg) be

a solution of (Z23)), that is, u. € D(A) N Br(0) and there are (. € (A4 9Ig)(u.)
and 7. € B(u.) such that

(2.26) G +1me +eQus) = L (in X7).

The set {u. : € € (0,1)} is a subset of Bg(0) and is thus bounded in X. From the
boundedness of B and @, we see that {n. : ¢ € (0,1)} and {Q(u.) : € € (0,1)} are
bounded subsets of X*. As a consequence of (220)), the set {¢. : € € (0,1)} is also
bounded in X*.

In view of the reflexivity of X, there exist a sequence {e,} C (0,1), &, — 0" (as
n —oo0) and u € X, ¢,n € X* such that

(2.27) U, — u (weakly) in X,

n

(2.28) Ce,, =" ¢, me, = n (weak®) in X,

The rest of the proof in this step follows the same lines as those in Theorem 5.2
and Corollary 5.2 in [I0] and is presented here for the sake of completeness. Since
{(¢.,,,ue, —u)} and {(n., ,u., —u)} are bounded sequences in R, by passing to
subsequences if necessary, we can assume that

(2.29) (Ce, e, —u) = X1, (Ne,,Us, —U) —> X2 8S N — OO.
As £,Q(ue, ) = 0 in X* and (L,u., —u) — 0, it follows from (2.20) that
(2.30) X1+ x2 =0,

and thus either y; < 0 or x2 < 0. Assume first that y; < 0. We see from (2.29)
that lim sup(n., , u.,, ) < lim(n., ,u) = (n,u). Since B is pseudomonotone, this limit
together with (Z27) and (Z28) implies that

(2.31) n € B(u),

and Uim(n.,,u., ) = (n,u), i.e.,, x1 = 0, and thus x2 = 0, which in view of ([229)
means that

Hm(C., ,ue, ) = im((.,, u) = (¢, u).
Invoking Proposition 2.2(b) of [I0], we see that this limit, together with (227)-
[228)) and the maximal monotonicity of A + dIg, implies that

(2.32) u€ D(A+90Ig) and ¢ € (A+ 0Ig)(u).
It follows from (Z:28) that
(2'33) Cepp +Me,, + €nQ(U€n) =L, Vn.

By passing to the weak™ limit in (Z33]) and taking into account ([228]), (Z31]), and
[@232)), we see that u is a solution of the inclusion

(2.34) (A+0Ig)(u)+ B(u) > L.

Now assume that yo < 0. We have limsup(¢., ,u.,) < lUm((., ,u) = (¢, u).
Using again Proposition 2.2(b) in [I0], we obtain from this limit, (227), [221),
and the maximal monotonicity of A 4+ dIg that ([232) holds in this case as well.
Furthermore, im((,  , uc, ) = (¢, w). This shows that y2 = 0 and thus x; = 0 thanks
to (Z30). From the above arguments, we have again (233]) and v is a solution of

@.349).
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Step 6. We have shown from Step 1 to Step 5 that for each R > 0 such that
D(A) N Bgr(0) # 0, the inclusion (Z34]) has a solution v = ur € D(A + dIg)(=
D(A) N Br(0)); that is, there are ug € D(A) N Bgr(0), (g € (A + 9Ig)(ugr), and
NRrR € B(UR) such that (g +nr = L. Moreover, (g = g + lg with (g € A(’LLR) and
lr € OIg(ur). The above equation gives
(2.35) lr=L—&r—nr,
which implies that

Ir(v) = Ir(ur) > (Ir,v — ug) = (L — &r — NRr,v — uR), Yv € X.

Since Ir(ugr) = 0, we have

(236) 0> <L_€R_77R7'U_UR>7 VUEBR(O).
Let ug € X be as in the assumption of Theorem[2:2] For all R such that R > |Juo]|
and Br(0) N D(A) # 0, letting v = ug in this inequality yields

(Er+nr — L,ur —up) < 0.

Then, for R satisfying (21]), since up € D(A), we must have ||ur| # R and thus
ug € Bgr(0). This implies that 0Ig(ugr) = {0} and hence [z = 0, which, together
with (238, shows that uw = up satisfies the inclusion (Z2) and completes our
proof. 1

In the next result, we present several sufficient conditions for the coercivity
condition (Z1I), some of which appeared in various existence and range theorems

(cf. e.g. [T, 2, @l 1O [TT1, 12} 14], etc.).

Corollary 2.3. Let A and B be as in Theorem 22 Under one of the follow-
ing sufficient conditions for [21)), the inclusion Z2) has a solution, that is, L €
R(A+ B).

(a) There exist ug € X and R > ||ugl|| such that D(A) N Br(0) # 0 and

inf +n—L,u—ug) >0,
ue€D(A)NSR(0),£€A(u),nEB(u) <§ " 0>

(b) Jup € X : nf <§+77—L7u—uo>)>0,

lim inf ( i
llul|—o0,uc D(A) \E€A(u),neB(u)

c¢) Jug € X : limsu inf
() Fuo e <ueD<A>,|u||R,geAm),neB(u

: lim ( inf (E+n—L,u— u()}) = o0,
llul|—=o00,ue D(A) \E€A(u),nEB(u)

)<€+77—L7U—UO>) >07

(d) Fug € X

(e) Jug € X:  liminf ( w) > |IL]l.,
l[ull—~oc0,u€D(A) \E€A(u) B (u) [Jul]

(f) Jup € X : lim inf ( inf w) = o0,
l|lu||—oco,ueD(A) \E€A(u),nEB (u) [l
: (E4+nu— uO>>

Tug € X: 1 ST 00 S L,

Wi Xm0 S

(h) Jup € X: lim ( in w) = 0.
l|lu||—oo,ueD(A) \ E€A(u),nEB(u) [l

Remark 2.4. (a) The existence of a function similar to f in Step 1 in the proof of
Theorem has been shown for quasibounded operators in Lemma 2.1 of [7].



1652 VY KHOI LE

(b) Theorem above does not imply Theorem 2.1, [7], since the latter is
about quasibounded, densely defined generalized pseudomonotone operators. On
the other hand, Theorem 2.1, [7], does not contain Theorem 22 here since condition
[2I) above is on a sphere, which could be small or large, rather than on a region
outside a ball as in condition () in Theorem 2.1, [7]. Furthermore, condition (1)
is on L only for it to belong to the range of A+ B rather than on a set .S to obtain
S C R(A+ B) and intS C intR(A + B) as in the conclusion of Theorem 2.1, [7].

Based on a new degree theory for sums of maximal monotone and densely defined
operators of class (S, ), conditions were given in Theorem 6.1 of [§] on the sum T+C
for the existence of zeros of that sum which are very natural and verifiable (see also
Theorems 6.2 and 5.8 in [§]). One of the conditions is a Leray—Schauder condition,
and the other is its inner product counterpart, which is similar to condition (2.1))
above. Theorem 6.1 in [§] and Theorem here are again not contained in each
other since the operator T'in Theorem 6.1 of [§] is monotone with domain containing
a dense subspace and C' is a single-valued generalized pseudomonotone operator.
As is seen later, one of our main interests here is in variational inequalities in which
the maximal monotone operators are given by subdifferentials of convex functionals
whose effective domains are usually not dense subsets of X.

(c) Condition (h) is the most restrictive among those in Corollary In many
particular cases of single-valued mappings and/or without one of the two compo-
nents & and 7, it is usually referred to as a coercivity condition.

(d) Corollary 23 with condition (h) improves and unifies both Theorem 5.2 and
Corollary 5.2 of [10] in several ways. For example, as seen below, this allows us
to include the case of variational inequalities as a particular case of Corollary 23]
or Theorem Note that the definition of pseudomonotone mappings in [I0] is
in fact that of everywhere defined generalized pseudomonotone mappings (cf. []).
However, due to the boundedness assumption, the two definitions are equivalent.

Also from the Corollary 23|(h), we see that condition (a) in Corollary 5.2, [10],
can be completely eliminated. This elimination of that condition in Corollary 5.2
of [10] is particularly relevant in applications to partial differential equations, since
the operators in such equations or related variational inequalities do not generally
have a linear growth from below. Furthermore, ug is not assumed to be in the
domain D(A) of A (see Theorem 5.2 in [10]).

Note that Corollary 5.2 in [I0] does not imply Theorem 5.2 there. However, with
the improvement made above (by eliminating Condition (a) in Corollary 5.2, [10]),
Corollary [Z3(h) (and thus Theorem [Z2]) here implies Theorem 5.2 in [I0]. In fact,
suppose the hypothesis of Theorem 5.2 in [10] is fulfilled; that is, suppose there
exists up € D(A) such that

(2.37) M) = .

lim <<
lulloouen(a) \ [|ull
Let & be a fixed element of A(ug). We have for any £ € A(u),

(€ = &o,u — ug) + (n,u — ug) + (€0, u — uo)
(n,u —ug) + (€0, u — uo).

<§+’I’},U—UO>

VAN

Hence,

<€+’I],U—UO> > <777U—UO> _ ||§0||* (1+ ||u0||)

il |l [l
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which means that ([2237)) implies condition (h) of Corollary [Z3} i.e., Corollary [Z3[h)
generalizes Theorem 5.2, [10] and also Theorem 3.2, [9].

(e) The boundedness of B can be somewhat relaxed to other boundedness as-
sumptions such as (pm4) in [9].

We consider now some further corollaries of the above results related to vari-
ational inequalities. Assume K # () is a closed, convex subset of X and v :
X — RU{x} is a proper, convex, and lower semicontinuous functional such that
K N D) # 0. Tt follows that ¢ = ¢ + Ix : X — R U {oo} is also a proper,
convex, and lower semicontinuous functional with D(¢) = D(y) N K and thus d¢
is a maximal monotone operator from X into 2% . Note that when K = X, we
have ¢ = 1. Applying Theorem to the case where A = 0¢ yields the following
corollary.

Corollary 2.5. Let L € X* and assume there exist ug € X and R > ||ug|| such
that

D(0¢) N Br(0) # 0
and
(2.38) (E+n—L,u—wug) >0,
for all w € D(0¢) with ||u|| = R, all { € dp(u), all n € B(u). Then there exist
u € D(0¢)(C D(¢p) = KND(v)) andn € B(u) that satisfy the variational inequality
(2.39) (n—L,v—u)+1(v) —(u) >0,Yv € K.

Condition ([Z38)) has the following particular case, which is closer to the coerciv-
ity conditions usually appearing in existence theorems for variational inequalities.

Corollary 2.6. Let L € X* and suppose there exist ug € D(1p) N K and R > ||ug]|
such that

D(0(¢ + Ix)) N Br(0) # 0
and
(2.40) (1= Ly — o) + (u) > $(uo),
for all w € D(¢) N K with ||u|]| = R, all n € B(u). Then the variational inequality
Z39) has solutions.

We note as above that condition (2Z40]) has in its turn several sufficient conditions
such as:

2.41 liminf —L,ou—ug)+ > ,
(2.41) TR 03 SR U/ u — ug) + P (u)] > (uo)

2.42 lim inf Lou— _
( ) ||u\|—>oo,uelgl(£)lmeEB(u)[<77 , U U0> + w(u)] o0,
(2.43) lim inf (n,u—up) + P(u) > L,

||| = 00,u€ D ()N K neB(u) [l

or, more restrictively,
(2.44) lim inf (n,u—uo) +¢(u) _
[|u]|—o0,ueD(y)NK,neB(u) ||u||

Under one of the above conditions from (Z41)) to (Z44), the variational inequality
([239) has solutions. Note that condition ([2:44)) is usually referred to as a coercivity
condition for ([Z39]).
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Remark 2.7. (a) In the particular case where K = X and condition (Z44]) is taken
into account, we obtain Corollary 5.3 in [I0] without the extra growth condition
assumed there.

(b) Corollaries 25 and 2.6 show that we can derive existence theorems for varia-
tional inequalities containing multivalued pseudomonotone operators as direct con-
sequences of our existence results for pseudomonotone perturbations of maximal
monotone operators without following a parallel, independent path as in Section 4

of [9].

3. AN EXAMPLE

Let us conclude our discussions with a simple example to illustrate the above
abstract theorems. The example is on a variational inequality in a Sobolev space
with variable exponent. Let  be a bounded region in RY (N > 1) with sufficiently
smooth boundary 9. Let p be a function in C(Q) such that p_ = min{p(z) : = €
Q} > 1 and let LPO)(Q) and W20 (Q) be respectively the Lebesgue and first order
Sobolev spaces with variable exponent p(-). The norms on LP()(Q) and W*()(Q)
are given by

[l Lre> () = inf {k; >0: /
Q

lull = lullw.e0r 0y = lull Lo @) + 1Vl oo ) (u € WHPO(Q)).

u(z)
k

p(x)
de <1y (ue LPY(Q))

and

LPO)(Q) and thus WP (Q) are separable and reflexive Banach spaces. Let
(WP (Q)]* denote the dual of and (-, -) the dual pairing between W'2()(Q) and
[(W2G)(Q)]*. Assume T is a measurable subset of 99 with positive (surface) mea-
sure and let

WI},M)(Q) = {u e WHP(Q) : u|pa(x) = 0 for a.e. z €T},

where u|gq is the trace of u on 9Q (it is known that u|pq € LPO)(9Q); cf. [H]).
WI}’p (')(Q) is also a separable reflexive Banach space with the norm || - || restricted

to Wll’p(')(Q). We shall be able to define an equivalent norm on W;’p(')(Q) thanks
to the following Poincaré inequality for that space.

Lemma 3.1. There exists Cy > 0 such that
(3.1) lull oy < Coll IVl [l o (@, Vu € WO (@),

Inequality ([BJ]) can be proved by following the same lines as in the proof of the
regular Poincaré inequality in Sobolev spaces with variable exponents (i.e. when I' =
00) presented in Theorem 7 of [6]. We just notice that by using the bootstrapping
argument in that theorem, we can reduce the proof of (BI) to the corresponding
inequality in L'(Q) and W () = {u € WHH(Q) : u[pq = 0 a.e. on T'}, which is a
classical result.

Let b € W0 (Q) and let K be a closed convex subset of the linear manifold

h+WEPOQ) = {h+w:wewp ™ (@)
= {ue WhPO(Q) : u(x) = h(x) for a.e. z € T}.
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Assume A : Q x RY — R is a Carathéodory function that satisfies the following
conditions:
(3.2) |A(z, )] < ay(x) + by [€]PP 7L for ae. z € Q, all £ € RV,
with a; € L O)(Q) (p/(-) is the Holder conjugate of p(-)) and by > 0,
(3.3) [A(x, &) — A(z,€)] - (€ =€) >0, forae x€Q, allg ¢ RN,
and there are a; € L'(Q2) and by > 0 such that
(3.4) Az, €) - € > bo|¢|P™) — ag(z), for ae. z€Q, all £ € RV,

Also, we assume that L € [W'PO)(Q)]* and f : Q x R — R is a Carathéodory
function. We are interested here in the variational inequality:
(3.5)

/ A(z,Vu) - (Vv — Vu)dx—!—/ flz,u)(v —u)dr > (L,v —u),Yv € K,
uQE K. :
Let us prove the following existence theorem for (3.
Theorem 3.2. Assume [ has the following growth condition:
(3.6) [F ()] < aa(w) + baful?” D7,

for a.e. x € Q, all u € R, where by > 0 and a; € L®)'0) (p*(+) is the Sobolev
conjugate of p(-) and (p*)'(-) is the Holder conjugate of p*(-)). Moreover,

(3.7) f=g+h,

where g, h : Q@ X R = R are Carathéodory functions such that

(3.8) g(z,-) is nondecreasing from R to R,

for a.e. x € Q, and h has a “sublinear” growth:

(3.9) \h(z,u)| < ag(z) + bolu|?™ 1 (a.e. z € Q, all u € R),

where by > 0, q € C(Q) with 1 < ¢ < g+ < p-, and az € L70 (where q_ =
inf{q(z) : x € Q} and ¢+ = sup{q(z) : x € Q}).
Then, the variational inequality B3 has solutions.
Proof. Let A, G, H,F : WhrO)(Q) — [WHPO)(Q)]* be defined by (A(u),v) =
/ Az, Vu) - Vodz, (G(u),v) = / g(x, w)vde, (H(u),v) = / h(z,u)vdz, and F(u)
Q Q Q
= G(u) + H(u), for all u,v € WHPO)(Q). Then, A,G,H, F are bounded and con-

tinuous on WP (Q). With the above notation, we note that (.3 is the same as
the inequality

(A4 F)(u) = L,v —u) + I (v) = Ik (u) 2 0, Yo € K,
which is equivalent to the inclusion
(3.10) (A+ F+0Ik)(u) > L.

It follows from (B3] and B8] that A and G are monotone bounded operators on
WP (Q) and from @3) that H is completely continuous there. Thus A + F is
pseudomonotone and bounded on WP()(Q). Since dIf is maximal monotone on
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that space, to apply the above existence theorem, we just need to check one of the
above coercivity conditions, namely, the following condition:

(3.11) (A4 F)(u) — Lyu —ugp) + I (u) = oo as ||ul| = oo,

or equivalently,

(3.12) (A4 F)(u) = Lyu —ug) — o0 as |lul]| = oo,u € K,

for some (fixed) up € K. In fact, let up be any (fixed) element of K. As a
consequence of [B.I)), there exists C1 > 0 such that || [Vul || »c)(q) > [Ju] for all

u € Wg’p(')(Q). Let uw € K. Since u — ug € Wll’p(')(Q), we have

[ Vulllzeor )y = 11V (w—uo)| = [Vuo| | Lre) (0
(3.13) > Ciflu—uol = [ [Vuol lro (o)
> Cillul| = Cs,

where C is a positive constant independent of u € K. Combining (3.13) with (34,
we see that

(3.14) / Az, Vu) - Vudr > bg/ (V[P @ dz — ||as|| 11 (q)-
Q Q
Moreover, if u € K and |[ul| is sufficiently large, then || [Vul || 1r¢) o) > 1 and

(3.15) /Q VU@ dz > || [Vul [0 0.

By (B2) and Young’s inequality (with ), we have

< /a1|Vu0\dx+b1/ | V[P =1 | Vg |da
Q Q

/ Az, Vu) - Vugdx
Q

(3.16)

IN

1 1
(p—_ + ]7) ol 119201 o e

—|—5/ |Vu|p(z)d3:—|—03(5)/ |V |P® de,
Q Q

where € > 0 and C5(g) > 0 depends on € (and other constants, but not on u). On
the other hand, since g(z,-) is nondecreasing and g(-,up) belongs to L(p*)'(')(Q),
we have

(G(u),u —ug) > g(z,uo)(u — ug)dx
3.17
(3.17) > o)l pomy o (lull o ) + ol o o)
> —Cy4|lul| — Cs.

Also, it follows from ([B9) that

[(H(u),u—uo)| < /<a2 + bau| ") (Ju] + Juol)da
(3.18) < ||‘12||Lq'<->(9)||U0||Lq<->(9) + ||a2||L<I’(')(Q)HuHL‘Z(')(Q)
+ba(llull T ) + 1)
< Cg+ Crlul|™ + Cgllull.

Lastly, we have

(3.19) (L u = wo)| < || Lllwrwer - (l[ull + Jluol])-
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Combining (BI4) with BI6)-@BI9) and € = bo/2 in (BI0), we obtain, for all

u € K with ||u| sufficiently large,
(At F = Lou=w) > 2 [ [FuPda = Crlul® = Collul - Cun
From BI0) and BI3), we see that for such a function w,
[ vure > ¢t julp- —cn,

and thus,
(A+F = Lyu—uo) > CY [lul|~ = Crllu]|** = CyJul| - Cha.
Since p_ > 1 and p_ > ¢4, this estimate implies (B12) (i.e. (3I1I))) and our proof

is complete. 1

Remark 3.3. Note that without the maximal monotone operator dlk, the pseu-
domonotone operator A + F — L is not coercive on W1P()(Q); that is, it does not
satisfy the coercivity condition

(A+F = L)(u),u —up)

9
llul|—o0 ]

as usually assumed in existence theorems for pseudomonotone and maximal mono-

tone operators (cf. e.g. [9) [0} 4 03], etc.).
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