MISSOURI

Missouri University of Science and Technology

&I Scholars' Mine

Physics Faculty Research & Creative Works Physics
01 Jan 1982

A Study of the Critical Cluster Size for Water Monolayer Clusters
on a Model Agl Basal Substrate

Richard C. Ward

Barbara N. Hale
Missouri University of Science and Technology, bhale@mst.edu

Sergio Terrazas

Follow this and additional works at: https://scholarsmine.mst.edu/phys_facwork

b Part of the Physics Commons

Recommended Citation

R. C. Ward et al., "A Study of the Critical Cluster Size for Water Monolayer Clusters on a Model Agl Basal
Substrate," Journal of Chemical Physics, vol. 78, no. 1, pp. 420-423, American Institute of Physics (AIP),
Jan 1982.

The definitive version is available at https://doi.org/10.1063/1.444519

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for
inclusion in Physics Faculty Research & Creative Works by an authorized administrator of Scholars' Mine. This work
is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu.


http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/phys_facwork
https://scholarsmine.mst.edu/phys
https://scholarsmine.mst.edu/phys_facwork?utm_source=scholarsmine.mst.edu%2Fphys_facwork%2F603&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=scholarsmine.mst.edu%2Fphys_facwork%2F603&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1063/1.444519
mailto:scholarsmine@mst.edu

A study of the critical cluster size for water monolayer
clusters on a model Agl basal substrate®

Richard C. Ward, Barbara N. Hale, and Sergio Terrazas

Department of Physics and Graduate Center for Cloud Physics Research, University of Missouri-Rolla, Rolla,

Missouri 65401
(Received 13 September 1982; accepted 20 September 1982)

We present a formalism and estimate a critical cluster size for water monolayer formation on a (rigid) model
Agl basal substrate. The formalism is modified from that developed for vapor clusters [B. N. Hale and R. C.
Ward, J. Stat. Phys. 28, 487 (1982)] and uses a Metropolis Monte Carlo method developed by Squire and
Hoover [J. Chem. Phys. 50, 701 (1969)] to determine (Helmholtz) free energy differences for clusters

containing n and n — 1 molecules. Calculations for clusters of » = 1, 2, 3, 4, 6, and 24 water molecules on a
model Agl basal face at 265 K are used in a statistical mechanical formalism which assumes that the adsorbed
clusters form a mixture of noninteracting ideal gases; the adsorbed monomer concentration is related to the
vapor concentration at the same temperature. At water saturation and 265 K a critical cluster size of n* =3
molecules and a steady state nucleation rate (for monolayer formation) of 10* em~2s~' is predicted. The
implications of this for ice nucleation on the model Agl substrate under atmospheric conditions are discussed.

I. INTRODUCTION

The motivation for this work is to study the critical
size of embryos of the new phase (liquid or solid) form-
ing on a substrate exposed to the vapor. The critical
cluster has equal probability of gaining or losing one
molecule and within the framework of steady state nu-
cleation rate theory can be used to estimate the nuclea-
tion rate,!-? Recently, a technique, 3 originally developed
by Bennett, * has been applied to an estimate of the criti-
cal cluster size n* for the homogeneous nucleation of
argon from the vapor at 60 K—modeled with the Len-
nard-Jones 6-12 potential. In the present work we use
a second technique developed by Squire and Hoover®®
to approximate the critical cluster size for the nuclea-
tion of a water monolayer on a model substrate. A H,0O-
substrate potential”-® and the H,0-H,0 central force po-
tentials of Stillinger and Rahman® are used to model the
equilibrium properties of small monolayer water clus-
ters on the (iodine exposed) basal face of hexagonal Agl.
The water molecules are assumed to be rigid but other-
wise are allowed to translate and rotate in a fully three
dimensional system as they adsorb on the rigid Agl sur-
face. The statistical mechanical formalism assumes
that the adsorbed clusters form a mixture of noninterac-
ting ideal gases with each gas consisting of clusters
with » molecules. The canonical partition function for
the adsorbed cluster includes the H,0~Agl interaction
potential energy. 10 The monomer concentration on the
substrate is related to the monomer concentration in
the vapor and areal concentrations of adsorbed clusters
are written in terms of the adsorbed monomer concen-
tration. The application of this method to water mono-~
layer formation on the model Agl substrate predicts a
critical cluster size of three molecules at 265 K and
water saturation. (In this case, water saturation im-
plies a water vapor concentration at equilibrium with a
liquid water surface at 265 K.) The corresponding

2'phis material is based upon work supported by the National
Science Foundation under Grant No. ATM80-15790,
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steady state nucleation rate for water monolayer forma-
tion on the model substrate is ~10% cm™s™,

The formalism for obtaining the adsorbed cluster
concentrations and the critical cluster size is given in
Sec. II. The model system and the Monte Carlo tech-
nique are described in Sec. Il and the results of the
calculations at 265 K and water saturation are presented
in Sec., IV. Comments and conclusions are given in
Sec. V,

li. FORMALISM FOR ESTIMATING CRITICAL
CLUSTER SIZE

In the classical steady state nucleation rate formalism,
the nucleation rate J for heterogeneous nucleation is
given by

| ]}‘ 1
143y lralf @
where T, is the rate at which particles attach to a clus-
ter of size n and N, is the number of clusters of #» mole-
cules on the substrate in the area A. To obtain an ex-
pression for N; we assume: (i) that the adsorbed clus-
ters form a mixture of noninteracting ideal gases with
each gas consisting of clusters of n molecules; (ii) that
the number of clusters of # molecules on the rigid sub-
strate N; is given by

Ny =N/ Z5 V) Z () 2)

where Z*%(n) is the canonical partition function for the
n cluster on the substrate and includes the substrate

cluster interaction potential energy; (iii) that Z*(n) is
related to the configurational integral @*(») by

Z%(n) = A"AL(VBT?)" @*(n)/n! . (3)

The A= (2amkT/h®)/2, Ag=A( L 1Iy/4m® /% m is the
mass of the water molecule, I; is the ith principal mo-
ment of inertia of the rigid molecule, kis Boltzmann’s
constant and % is Plank’s constant. The configurational
integral is defined as
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@m=wery [ [ -+ [ expl- U@y, 9, ..., 2)/k1]
x [] a7 sin0,de,ds dy, . @
=)

The U is the interaction potential, V is the volume,
and Q; = (74, 6;, ¢4, ¥;), where 7; is the center of mass
position vector and 6, ¢;, and ; are the Euler angles
of the ith rigid H,0 molecule. Using the superscript v
to designate the vapor state, we further assume

N=MZ'(1)/2°(1) . (5)

Thus, from Eqs. (2)-(5) and the definition C(n)
=1n[Q*(n)/Q*(n - 1)}, we have,

N:=N{exp—[— §C(i)+(n—1)1n}\n—r{ +1n:ﬁ!_] (6)
=N exp - [aw’(n)] . (M

In deriving Eq. (6) we have used
C(1)=1n[Q*(1)/Q"(1)] =In Q*(1) .

Values of C(n) are calculated using the technique of
Squire and Hoover®® or the technique of Bennett.*

Finally, the critical cluster size can be estimated by
approximating the derivative of Auf(n) as the difference
in the free energy of formation between the n and n~1
clusters
daw’(n) n
—— = -Aui(n—-1)=- =

an w(n) - aw(n-1) C(n) +1nM, (8)
In the continuous variable theory, the critical cluster
size n* is the value of » for which dAw*(n)/dn=0. Using
the supersaturation ratio, §=N}/Nj® (where N}0 is the
number of water monomers at equilibrium with a sur-
face of liquid water), we obtain the following formula
estimating the critical cluster size n=n*:

K=Y __

C(n*) lnNi’o/V InS, (9)
The n/V is the density used in the Monte Carlo simula-
tion of the n cluster and in the present calculations is
held fixed for all cluster sizes.

1. THE MODEL SYSTEM AND THE TECHNIQUES
USED TO OBTAIN C(n)

The model sytem under study is a monolayer cluster
of n water molecules on the iodine exposed basal Agl
substrate. The water molecules interact via the Stillin-
ger~Rahman® central force pair potentials. We assume
the molecules are rigid with an OH distance of 0. 96 J°\,
and an HOH angle of 104,45°, The H,0-basal Agl po-
tential is that developed by Hale and Kiefer’ with the
effective substrate ion charge equal to +0.4 ¢; ¢ is the
electronic charge. The substrate is rigid and a linear
interpolation of the substrate potential from four grids
is used.® This greatly increases the speed of the calcu-
lations,

The water molecules are constrained to a half sphere
as shown in Fig. 1. This example shows =24 mole-
cules at temperature 7 =265 K after 225000 Monte Carlo
steps. The radius of the constraining volume for each

n<24  T-265K

P
J N
e

FIG. 1. Snapshot of a mono-
layer cluster with 24 water
molecules on the model basal
Agl substrate at T =265 K after
225000 Monte Carlo steps. The
constraining volume {a half
sphere) has a radius of 15 A,

n cluster is determined by the constant density n/V
=3,4x10% molecules/cm3®. The corresponding con-
straining volume per molecule is =10V, where V, is
the volume per molecule in the bulk liquid. The con-
straining volume has a negligible effect on the Metro-
polis Monte Carlo averages calculated for total cluster
binding energies.

The technique of Squire and Hoover® is used to obtain
values of C(n). In this technique, a Monte Carlo aver-
age is performed on an ensemble consisting of the water
molecule cluster and the rigid substrate with the inter-
action potential of one water molecule (the probe mole-
cule) reduced by a factor 0< A=< 1. Thus the total inter-
action potential energy of the system is:

U=Uy+2AU, (10)

where Uj is the potential energy of the »~ 1 molecules
on the substrate and AU is the interaction potential
energy of the probe molecule. Squire and Hoover® and
Abraham ef al.® show that C(xn) can be obtained from

_ (Maupy
Cn)=~ L —ﬁ-—dh , (11)

where (AU(X)) is a Metropolis Monte Carlo average!? of
AU(X) for a cluster of n molecules with total interaction
potential U given by Eq. (10). Both references point

out the advantages of modifying this integration to reduce
errors from the large fluctuations in (AU())) as A ap-
proaches 0, For a substrate potential which is the sum
of Lennard-Jones »~!2 terms one expects U(y) =7~ as
r—~0. Inthis case the limit (AUY2/3=constant as A~ 0
and we use the following reformulation of Eq. (11):

C(ﬂ):_ 3f1AzISSA_g¥\_)2d(RI/S) . (12)
0

Figure 2 shows a plot of X2/¥A D) vs At/ for n=6
at T=265 K. This is a typical plot of the function
for values of n <24. The uncertainties are obtained
from the root mean square standard deviations over
50 000 Monte Carlo step intervals. The fluctuations in
the Monte Carlo averages for (AL} become larger as A
approaches zero, In addition, as n becomes larger
(n> 24) the positive contribution to the integral grows in
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FIG. 2. Plot of A*3{AU) vs A/3 for a monolayer cluster of

n =6 water molecules on the model AglI basal substrate at 265 K,
C(6) is —3/(kT) times the area under the curve drawn through
the data points (f).

magnitude and an accurate result for C(n) requires ex-
tensive Monte Carlo averaging. For the cluster sizes
used in these calculations, however, the positive contri-
bution is < 2. 0% of the total area.

The technique of Bennett! is used to check the value
of C obtained for n=8 molecules. The application of
this technique has been discussed.? It differs from that
of Squire and Hoover in that two ensembles of particles
are required; one ensemble uses A=1 and the other en-
semble uses a value of A=0.1, The C value obtained
from the Bennett technique is — 3/(kT) times the area
under the curve in Fig, 2 from A=1to x=0,1. To ob-
tain the correct value of C one must add the contribution
from the area under the curve below A =0,1. Note that
in the case of n=6 the latter area is approximately zero
and the correction to the Bennett technique result is
negligible.

V. RESULTS

Values of C(n) for n=1, 2, 3, 4, 6, and 24 water mole-
cule clusters on the model Agl basal substrate are ob-
tained at T=265 K using the technique of Squire and
Hoover. The results are shown in Fig, 3 where C(n) is
plotted vs »t/%, We plot C(») in this manner in order
to compare the results to a model for Aw’(n) discussed
below. The uncertainties on this curve indicate the
range of C(n) obtained from the maximum and minimum
areas under the plot of A2/XAU) vs 21/3, The Bennett
technique* (n=6 and A=0.1) gives C=18+2 and is con-
sistent with the value C=17+1 obtained using the tech-
nique of Squire and Hoover.

The solid line in Fig. 3 corresponds to ln[{n/V)/
(M9/V)]=10.5, and its intersection with the data indi-
cates an approximate value of »*=3 at S=1 [see Eq.

(9)]. A value of Py=(N{®/V)kT=2.5 mmHg is used to
determine M0/V.'® Some preliminary calculations at
T=298 K and S=1 also indicate a critical cluster size

of n*=~3, Thus, at water saturation and for 265 <T=<
<298 K, the critical cluster size is small and apparently
insensitive to temperature.
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Using the values of C(n) one

can predict an approxi-

mate steady state nucleation rate for monolayer forma-

tion from Egs. (1) and (6). To
write Eq. (5) as

Ni/A = SN/ V)(V/A),q exp C(1) .

estimate N}/4, we re-

(13)

The ratio of the constraining volume to the constraining

area V/A is 5.5%x10° cm for n

=1, N/Vis 9.1x10'

cm™, and C(1) is 10. Thus, for S=1, Eq. (13) gives
Nj/A~10" cm™, The rate at which molecules attach

to the x cluster is I',=2n8agm*/

%(N{/A), where gNI/A is

the flux per unit length of (diffusing, adsorbed) H,O
monomers onto the cluster perimeter. The g, is ap-

proximated by (np,)'/2, where

molecular density in the monolayer clusters.

typical jump distance of d=3 A
2.5 kcal/mol, " and a typical (a

Pps>10'® cm™ is a typical
Using a

, a diffusion barrier of
dsorbed) molecular vibra-

tional frequency of 6x10'% s™ a surface diffusion coef-
ficient, D,=4dB~5x10" cm s, can be approximated.
Substitution of these numbers and values of N? [from Eq.
(6)] into Eq. (1) give a steady state nucleation rate for
monolayer formation on the model substrate of J=10%
cm™s™, This large nucleation rate at water saturation
(§=1) indicates that the water monolayer forms rapidly
and suggests that the nucleation of ice {or amorphous
solid water) on the model substrate occurs after the de-
position of one or more water layers.

It is interesting to estimate an effective line tension
for the adsorbed clusters and to use the present results
to estimate a value for the Helmholiz free energy per

molecule in an adsorbed layer,

A simple classical clus-

ter model in two dimensions for Aw*(n) is 27agyn'/%/ kT
—nln S+n(f*~ u) where y is an effective line tension
e™ =2"(1)/N{® and f* is the free energy per molecule in

a large (n—-=) cluster. Using

Eq. (8) C(n) is predicted to decrease linearly with n

this model for &u'(n) and
-1/2

and to provide an estimate of f* as n— <, The present

calculations give an effective 1
cm and a value of - 405 for
value for y is consistent with 1

ine tension of ~107% erg/
f*. This approximate
ine tensions obtained for

2 T=265K
2 \%\\\
C T,
10 - R ——
. i 1 ] 1 ﬂfs 1 B S U
0 5
4

FIG. 3. C vsnV?for T=265K,

1.0

The uncertainties indicate

the range in C obtained from the maximum and minimum areas

under the curves indicated in Eq.

(12), The solid line shows

In:/ N ) =10.5. Its intersections with the data for C(n) locates
an approximate value of n*=3, The dashed line for n>6 indi-
cates a possible straight line fit to the data for large clusters;
the dot—dashed line guides the eye through the data points for

small values of n,

J. Chem. Phys., Vol. 78, No. 1, 1 January 1983
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other substances.!* However, as can be seen in Fig.

3, y (related to the slope of C vs n™*/%) and f* (related

to the intercept at n'/2=0) are subject to the uncer-
tainties in C for large n. A more extensive study could
improve these estimates or provide an argument for a
revised classical model for Aw*(n). Since we have been
primarily concerned with the critical cluster size (which
we find to be small) we have not pursued extensive cal-
culations of C for n> 6.

V. COMMENTS AND CONCLUSIONS

In this paper we have used the (Metropolis Monte
Carlo) method of Squire and Hoover, 5 to calculate
1n{Q*(n)/Q*(n — 1)} for n molecule water cluster adsorbed
on a model (rigid) Agl basal substrate at 265 K. Re-
sults for n=1,2, 3,4, 6, and 24 are applied to a modified
technique developed for vapor clusters, 3 and used to
estimate a critical adsorbed cluster size n*=3 at 265 K
and S=1. Preliminary work at 298 K indicates that the
critical cluster size is insensitive to temperature in
the range 265 < T<298 K. However, from Eq. (9) and
Fig. 3, one can see that the critical cluster size for
monolayer formation is highly supersaturation dependent.
At §=1 and T=265 K the predicted steady state nuclea-
tion rate for monolayer formation is ~10? cm?s™,
with 2 monomer concentration of =10 cm™, The large
nucleation rate at water saturation implies that the ad-
sorbed water monolayer forms rapidly and suggests
that questions concerning ice nucleation on the model
substrate should be addressed to the structure and sta-
bility of two or more water layers. We are presently
studying two to eight water layers on the model substrate
using periodic boundary conditions for the adsorbed

423

layers. Also in progress are studies of critical cluster
size for water adsorbed on a featureless substrate and
on the model Agl surface with modified lattice param-
eters, The long range goals of this work have been to
examine the ice nucleating efficiency of substrates—with
application to processes involved in atmospheric ice
formation,
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