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COMPUTER GRAPHICS as an AID to TEACHING GEOMETRIC TRANSFORMATIONS

Sister Joseph K. McAdams and Arlan R.

DeKock

Department of Computer Science
University of Missouri-Rolla

Rolla,

During the past several years, there
has been much discussion and controversy
over what should be taught in high school
mathematics, in general, and in high school
geometry, in particular. Numerous mathe-
maticians have encouraged the teaching of
transformations as part of the standard
high school mathematics curriculum[l-4,6-
9]. The results of a recent survey of high
school teachers of mathematics indicate
that 19% have taught geometric transforma-
tions, 26% feel adegquately prepared to
teach such a topic, and 50% would like to
teach the topic if materials were available
for the average college prep student[5].

The topic of transformations is im-
portant because transformations are a uni-
fying factor in algebra and geometry. Al-
gebra and geometry are essentially the same
material taught from different approaches.
In particular, the abstract algebraic con-
cept of a group can be conveyed in purely
geometric terms by groups of transforma-
tions.

Since the . introduction of the new math
in the late fifties and early sixties, stu-
dents have been exposed to the concepts of
group properties from the primary grades on
through high school. Very often, a concept
is presented without its formal mathemati-
cal title. The exact vocabulary is usually
introduced in junior high, with the formal
definition of a group being made in senior
high - if at all. This puts the student in
the position of having to understand the
group-related concepts of closure, associa-
tivity, identity, inverses, and commutativ-
ity without understanding the underlying
rationale of these properties. This re-
quires a level of abstraction of which most
students are not capable.

In most cases, numeric examples are
used to explain the above concepts. Since
most of these numeric examples involve in-
finite sets {(integers, rationals, reals,
etc.), this gives rise to further problems.
The properties of closure and commutativity
are not fully appreciated when explained by
way of infinite sets. The intuitive mean-
ing of closure is much better illustrated
by means of some particular finite set for
which it can be exhaustively demonstrated
that, in fact, the given elements of the
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set are the only possible results obtained
under a particular operation. The intui-
tive meaning of commutativity is best ex-
plained by the standard non-mathematical
example of putting on shoes and socks -
reversing the procedures drastically af-
fects the outcome.

The above concepts - closure, associ-
ativity, identity, inverses, and commuta-
tivity - are also applicable to the follow-
ing set of eight geometric transformations:

1. Identity °
2. Rotation of 90 counterclockwise
about the origin
. Rotation of 180° “
. Rotation of 270° "
. Reflection in the x-axis
. Reflection in the y-axis
. Reflection in the line x = y
. Reflection in the line x = -y
Although the sets of numbers in algebra
have defined on them the four binary oper-
ations of addition, subtraction, multipli-
cation, and division, the above set of geo-
metric transformations has defined on it
just one binary operation. We will call
this binary operation 'followed by', and
thus be able to speak of a rotation of 90
'followed by' a reflection in the x-axis.
This means that a figure is transformed by
a rotation of 90° to yield a new figure.
The new figure is transformed by a reflec-
tion in the x-axis to give the final figure.
This final fiqure is the result of a rota-
tion of 90° 'followed by' a reflection in
the x-axis.

[ AN Mo RS, IV V)

The concepts of closure and commuta-
tivity, as well as the other concepts, are
much more clearly illustrated mathematically
by using the above group of rotations and
reflections in the plane, the main reason
being that the students can "see" what is
happening with the transformations. Using
this approach, the concept of a non-commuta-
tive group can be (and has been) taught to
average and below average students as early
as the second semester of a plane geometry
course. One advantage of using the group
of rotations and reflections to illustrate
non-commutativity is that even slower stu-
dents catch on gquickly to the fact that a
rotation of 90° 'followed by' a reflection


http://crossmark.crossref.org/dialog/?doi=10.1145%2F952989.803463&domain=pdf&date_stamp=1976-02-01

Z ®anbra

"ATINAIYYI JWNSIS HOYI HIAISNOD
OL 3WIL INIIDIdNS JTISHNOA NIAIO 3AUH NOA TILNN AMOLSIY LOM 04
NMOHS 34U SNOILUMWMOASNUML 3HL HIIHM HLIM 03348 3HL IOHINDD TVIM NOA

‘SLANGHAVND JUTN3IA0 LYHL
SIUNOI4 SY TIAM SY ‘USHIA IHL NUHL MIHLO SINOMAUGD NI S3IMA9I4
A0S AML O1l 3UNS 39 HSIM NOA SY NIL40 SU SSII0Md IJHL LU3IdaAN AVW OA

AUNOIA HMAOA NO SNOX LUWMOISMNUXL
IHL 40 S103443 3HL JAM3SAOD NIHL AMY 'ONISOOHI NMO HNOA 40 3uN91d
Y d0d SILUNMIONODD INJANMI OL ALINMLMOLAD IHL NIAID 39 NIHL 1IIM OA

NOILUWHDASNUNL HOU3 ¥O04 3MNOI4 J3WHDISNOML

3L ONY 3UNOI4 WNISIMO THL IIS TUIM NOA FIOMUVINL SIHL 0L S30g

MNOILULMOISNGNL HIVI LUHM JAUISA0 Ol ALINNLMOLAD 3HL MIAAIO 33 1IM MIA
(21 °'Z1) (Z°'CTT) (Z2°'S)

SAVILMIA HLIM INUMOUND LSHI4 JHL NI ITONYIML 1HOIN Y 430ISNOD

ALTANSIL 3HL 0L INIWAINDI ST ( SNOTLUMHOISNUNL 10
S3IN3S MO ) NOILGLMOISNUME 3HL ‘IMNOI4 WMISINO 3HL SY IS IHL ST
L7NS3Y WNIL IHL 41 ‘ST LYHL LMOILOW OM. 39 T9IM iN3W3H ALILINIID IHL

'NOILOF-3 40 3NIT 3HL NI
3UNOTA 4L 40 FDUWI HOMMIN JHL SY JIYINISNOD 3T AVW SMOILITVH3M
‘NIOIMO 3HL 1N0AY SMOILVION 38 0L J343dISMOI 3HY SNOILYLOY

A==X 3NIT 3HL NI MOIL1337143Y

A=X 3NIT 3L NI NO1L133743M

SIXYU~A IHL NI NOILI3TA3YM

SIXY=X IHL NI NOILI3743M
CISIMMI0TIMILNNGI ) SIAMIIT OLZ 40 MOILYLOM
¢ 3SIMAT0TIOHIALNNOD ) S3AMTIT 03T 40 MOILYLOM
CATIMNO0TDHILNNOD ) SAIMIZT 06 40 MOIILYLOM

‘3HY MATISMOD 0L LMNUM 3M SNOTLUWMO4SNUMNL 3JHL

'SALYNIQHO0] NUIS3ILNUD A8 GANIL3A SY

3NYId TUMOISNIWIA-Z IHL MO FMNTTd ITULIUOID U 40 SNOILUMHMOISNUNL
HO SAINIWIAOW MO SNOILOW THL 40 SLSISMODI 135 3HL ‘QUALSNI  SHIAGWAN
40 135 U 3AT0ANMI LON S300 LuHL JAOMY Y MITISMOJ DL ONINS MON 34y 3M

SNOTLULMDASNGNEL 40 SdNuNY

1 @anbtg

‘NOILYIITSILTINW HAANA dNOUO IAILYLAWKWOI ¥ SI (T 1) 135 aHL
MOILYDITAILINK HIANN dNONS

JAILYINKLOD ¥ SI Q3ANTIX3 OM3IZ HLIM STWMOILUY 40 L3S IHL
'NOILIAAY ¥3ANN JNOMO IAILYLNWWGOD Y S1 SHAOALMI 40 135 3JHL

S/ v 01 WND3 AON 31 v /s & NZOanDwQ
S = ¥ 0L NP3 ION SI ¢ - S ‘MOLLIOUMLANS
IMIAMN IATLYLNWWOD LON 349 SMIASHINI
S*bv=¢#» S NOILYDIAILTNW
S+ bv=+¥+5 NOILIgaY )
HIANN AT LYLAWKIOD AMY SMAGALNI
‘INAWYXT YOS ALIATLIQLOAMKOT 40 ALY3dOoMd
JHL SI SIHL 'M2LIYW 10N S300 NOILYM3LO 40 M3AUO ZHL LYHL ALMIJOMd
WMOILIAQY 3HL IAVH SL3S JWOS J4NoMT ¥ 379D ST (ASHMIANI  ‘ALILN3AI
‘IAILYIJONSSY *G3S010) d3AINISIA LSNM SITLNIL0NA b IHL ONIAYH 135 ANY

END SON3IA MIAWNN LuHL AS OM3Z 40 NOILUIITLILINW LUHL HONS #
TONOILYNY 3ANDINN ON SI 3HIHL 3SNYI3E L3S 3HL wWoN4 43an19X3 39
1SNW ON3Z ) 'S3ASMIAANI IAILYIINGILINW TW GNY NOTILYSIT4ILINW MOd
ALIINAAYI 3HL SUYH Jd3ANIX3 0M3Z HLIM SHITWNN TUNDILYY 40 (35 3HL
'SASHIANI TV NIVANDD LON S30d 109 ‘C YINSILYIId

=ILNW ¥04 INIWITZ ALILMIII 3HL SNIVINOD 0OSTW SHMIOIUINI 40 13S 3HL
'SASMIAAME AATLIAAY W SNIVINMOD 03W GNY (0)

NOILIGAY MO AINZWITI ALILINIAI 3HL SNIYIMGD SMADAUINI 40 L35 3HL

=L/ M L/v—) 3SNVIAT L/p 40 ISHIANT 1AV 3IHL ST Ly~
1=(Z/C- W(E/Z~) ASNYIIT T/~ 40 ISHAANI L7 3ML ST £/2-~
1=(Z/1)1%Z 3ASNYIIT £ 40 ISHIANI IATLYDINGIL NN IHL SI Z/1
O=( ¥~ )+t IASAY3IIAG ¢+ 40 3SHIANI IAILIOAY 3HL SI b-—

‘A ARLOUMLSATIT ST SIHL ‘NIDIILUHILO AMYUNIE MYUTINOI LMY

LUHL HOd IN3WITA ALILNIAI 3HL NI SLNSIM ASHIANI SLI ANY

ANIWITE MY NO AFHMOA8TLd NOILOMIH0 AMONIE ¥ SASMIANI H3TISNOD

IIONUHO LON SI 3IM0 A8 GATITAILTINW AITNON ANY
3ABAYIIG NOILYIINGILINW MO4 LNIWIT3 ALILINIAI 3HL SI 3INO  ‘ASIMININ
HITWAN BHL 3INUHD LON S30O M3EWNN ANY 0L 1330y 0M3Z 3ISNY333 NOIL
~100Y ¥0d ALIANAAL 3HL O34ITISNOD SI OM3Z IIL3WHLINY AMOUNIGNMO NI

Y/(5/70Z) OL YnNid3d LON SI (4/S)/0T CINOISIAIGQ
r( S#0Z ) Ol WNPI S1 ( vrS)HI0T 'NOILYDITUI LT
—(S-0Z) 0L WNHB3 LON 31 ( ¥-5)-0Z *NOILIwHLAnS
b+ S4+0Z) 0L WNd3A SI (¥+5)+0Z ‘NOTLIAAY

CONIMOTTI0E 3HL AG JALYHLSNTII S1 SIHL NOTLIWALANS HON
NOISIAIA HM3IMLIAN M0O4 INILVIIOSSY 3HY SUADZILNI 3L ‘MOILIOOY M0
NOILYDILAILNM M3HLIF M0d IATAVIOOSSY SI SHIDIUINI 40 1335 3HL

IATLYOIN 10N SI SHIAWNN IAILYOAN- OML 40 L3INA0Md 3HL 3SNY33g

NOILYSITAILANW HIANM A3S0OTD LON SI SHMADAUNI IAILUOIN 40 133 3IHL

H3OALMI NY SI SMADALNI OML ANY

S0 WNS 3L 3SNYD3d MOILIAOY MIINM J3S07TI 51 SHIADALNI 40 135 IHL
(SIT4WUXT ONIMOTIDS 3L H3IAISNOD

NOISIAIQ MO NOILDWMLANS U0 NOTLYJITJILNW MO

NOILIAQY S¥ HOMNS ‘MOTLUNMIL) AUMUNIE AWOS 0L LI3453M HLIM 3133 40
ALIATLYLAWKWOD ASHIAMI ALTIN3TI ALIAILYITOESY NSO

40 SL1430N0D 2HL ONIANALES NI3IT 3AUH NCA MON SHYIA WHIA3S HOA

SANONS ) SATIYIL0MS H40 MIATIAIHY JH41Hd

138



in the x-axis does not yield the same re-
sult as a reflection in the x-axis 'fol-
lowed by' a rotation of 90°, This approach
has the additional advantage of reinforcing
the skills of matrix multiplication and
plotting in the Cartesian plane. However,
in the process of doing all the multipli-
cation and plotting, the students sometimes
lose sight of what they are supposed to be
learning. In order to "see" what happens
to a figure under one transformation, a
student is required to:

1) plot the points for the original
figure,

2) calculate the new points by means
of matrix multiplication, and

3) plot the new set of points.

All of this is very time consuming. Obvi-
ously, the work is increased greatly with
each added transformation. It usually re-
guires ten to twelve class periods to suc-
cessfully present the lesson in a tradi-
tional classroom setting.

It seems that a computer-driven graph-
ics screen is eminently suitable as a med-
ium for presenting a geometry lesson on
the subject of rotations and reflections.
Such a program was developed as a semester
project for Graphics and Artificial Intel-
ligence. The programming was done on a
Data General NOVA 840 in the BASIC language.
A Tektronix 4010 graphics terminal is used
as the primary input and output device, and
a Centronics 100 Printer serves as a sec-
ondary output unit. The program is design-
ed to be used by students from high school
through graduate school (faculty may also
benefit from it). Geometry is a prerequi-
site, as well as a standard first year high
school course in modern algebra.

The program consists of four sections,
the first of which is a review of the basic
concepts related to groups, both commuta-
tive and non-commutative. This information
is directed to the line printer rather than
to the graphics screen so that the student
will have a permanent copy for future ref-
erence (see figure 1l). After studying the
material, the student may indicate readi-
ness for a quiz of ten guestions generated
at random from a large bank of items. On
failing to attain 80% correct, the student
is asked to restudy the material and then

take another randomly generated ten ques-
tion quiz. A record is kept of the total

number correct out of the total number at-
tempted. Understandably, some students
will use more questions than others.

These quizzes are presented on the graph-
ics screen to take advantage of the capa-
bility of indicating an answer by posi-
tioning the crosshairs over the desired
choice, rather than by typing in a number
or letter. This cuts down on the number of
incorrect responses caused by typing errors.
Only after scoring at least 80% on a part
one quiz will the student be able to pro-
ceed to the next section.

The purpose of part two is to explain
and illustrate the group of rotations and

139

reflections in the plane that is under con-
sideration. Verbal information is directed
to the line printer as in part one (see
figure 2). When the student indicates that
the matérial has been assimilated, the eight
members of the set of rotations and reflec-
tions in the plane are presented one by one
pictorially on the graphics screen. For
each transformation, a first quadrant sca-
lene triangle and the resulting figure from
the transformation are shown. The student
may observe the given figure for as long
and as often as desired. The student is
then encouraged to change the figure to one
of his or her own choosing (see figure 3).

ROTATION OF 279 DEGREES (COUNTERCLOCKWISE)

HIT THE RETURN KEY WHEN YOU ARE READY TO GO

Figure 3

Directions are given on the screen to enable
the student to do this easily. The ability
to create a new figure gives the opportunity
to observe the transformations working on a
figure that originates in a gquadrant other
than the first, as well as figures that o-
verlap gquadrants. The lesson is self-paced
in that the student may stay on this section
until satisfied that the concepts presented
are completely understood. At the student's
indication of readiness, a quiz on the part
two material is presented in the same manner
as in part one.

The purpose of part three, the most im-
pPortant section of the program, is to permit
the student to observe what happens when one
transformation ‘'followed by' another oper-
ates on a given figure. An operation table
for the set, together with an explanation
of its use, is sent to the line printer (see
figures 4 and 5). The student may draw any
figure on the graphics terminal, and then
may try all possible combinations of one
transformation 'followed by' another, paying
particular attention to reverses in order to
check commutativity. The student fills in
the table as each combination is observed.

After the student chooses a figure, the
screen presents that figure labeled "origi-



CLOSURE

SO FAR,
ON IT. THIS IS EGUIVALENT
ONEC THE ILENTITY ).
OR MORE TRANSFORMATIONS
“FOLLOWED BY-.

FOR EXAMPLE,

WE HAVE STARTED WITH A FIGURE AND PERFORMEL ONE TRANSFORMATION

TO TAKING AN INTEGER AND MULTIPLYING IT BY

WE NOW WANT TO
YO CAM CONSIDER THE BINARY OPERATION TO BE
A ROTATION OF 90 DEGREES FOLLOWED BY A

SEE

WHAT HAFPENS WHEN WE COMBINE TWO

ROTATION OF 180 DEGREES YIELDS A ROTATION OF 270 DEGREES. A ROTATION

OF 270 IS A TRANSFORMATION IN THE SET UNDER CONSIDERATION,
IT IS EASY TO DETERMINE WHAT HAPPENS WITH ONE ROTATION
IT BECOMES MORE DIFFICUWT TO RECOGNIZE WHICH

I35 PRESERVED
FOLLOWED BY ANOTHER.

S0 CLOSURE

TRANSFORMATION RESULTS WHEN A ROTATION IS FOLLOWED BY A REFLECTION

TO HELP YOU TO OBSERVE ALL POSSIELE PERMUTATIONS OF THE TRANSFORMA—
TIONS TAKEN TWO AT A TIME, YOU WILL BE PERMITTED TO ENTER ANY TWO
TRANSFORMATIONS. YDU WILL THEN SEE ON THE SCREEN:

A, THE ORIGINAL FIGURE

B. THE FIRST TRANSFORMATION

c. THE FINAL FIGURE (RESULT OF FIRST TRANSFORMATION

FOLLOWED BY THE SECOND)

THE PICTURES WILL BE LABELED AS TO ORIGINAL FIGURE AND FINAL FIGURE

TO HELP YOU KEEP TRACK OF THE PERMUTATIONS YOU HAVE TRIED,

Figure 4

FILL IN THE

TABLE BELOW. THE REZULTS OF ANY TRANSFORMATION COMBINED WITH THE
THE ENTRY FOR A ROTATIGN OF 90 FOLLOWED BY

IDENTITY IS ALREADY SHOWN
A ROTATION OF 130 IS ALSO

(?0) IS READ FROM THE LEFT HAND COLUMN

SHOWN

NOTE THAT THE FIRST TRANSFORMATION
MOVE ACROZS THE CORRESPONDING

ROW UNTIL YOU ARE UNDER THE COLUMN HEADED BY THE SECOND TRANSFORMATION

(180). THE ANSWER(270) IS

FILLED IN AT THAT POSITION

TRY A FIRST QUADRANT SCALENE TRIANGLE FOR ALL COMBINATIONS, AND
THEN TRY FIGURES IN VARIOUS OTHER POSITIONS

TDENT
90
7 1 / 90/ 180 / 270 /X-AXIS/Y-AXIS/ X=Y / X=-Y 120 28}
s Iz s s s s s 279
’ % ’ s ’ ’ ’ ’ yoox1g
’ ’ s s s 7 s Mt
1/ 1 7 90/ 180 / 270 /X-AXIS/Y-AXIS/ X=Y / X=-Y Yooy
/! s 4 s /- 4 /- 4
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90 s/ 90 / 7/ 270 7/ s ’ ’ s
/ ’ s ’ % 2 %
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Figure 5 Figure 7
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HAL FINA ORIGINAL

Figure 6
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ARPE YOU READY FOR A QUIZ ?

Figure 8




nal," along with a listing on the left hand
side of the screen of the eight members of
the set of transformations (see figure 6).
The choice of transformation is made by
positioning the crosshairs over the name

of the desired transformation and striking
any key on the keyboard. After the choice
is made, the Roman numeral I appears beside
the chosen transformation, and the trans-
formed figure appears on the screen along
with the original figure (see figure 7).
The student then makes a second choice of
transformations in the same way. A Roman
numeral II appears beside the second choice,
and the resulting figure is added to the
screen with the label "final" (see figure
8). At this point, the student should fill
in the proper position on the table.

The student now has three choices:

1) continue working on the same
figure,
2) change the figure and continue
working, or
3) indicate readiness for a quiz.
The student is expected to complete the
table before making the third choice. How-
ever, at any point that the student under-
stands the concepts, the table may be com-
pleted without the aid of the graphics
terminal. Some students are gquicker than
others in observing relationships, so can
complete this section in a shorter length
of time.

The rules for passing this section are
stricter than those for the first two sec-
tions. A perfect score on a quiz must be
attained before permission is given to go
on to the last section of the program.

This is done to ensure that the student
has the entire table properly completed.
The student is instructed to note in the
table any errors made while taking the
quiz. If a perfect score is not attained,
the student must redo at least one figure
before retaking the quiz. The reasoning
for this is based on the assumption that
since the student made at least one error,
he should recheck that particular relation-
ship. There is no limit to the number of
times the quiz may be retaken. The only
escape is a perfect score. Such a score
can easily be attained when the table is
correctly completed.

The purpose of the fourth and last
section of the program is to permit the
student to observe what happens when more
than two transformations are used in se-~
duence, and to consolidate the student's
ideas on the concepts of identity, in-
verse, closure, and associativity. The
printout for part four (see figure 9)
points out various relationships that
should be obserxrved in the completed and
corrected table from part three. As be-~
fore, the student may draw any figure on
the graphics screen. This time, as many
transformations as desired may be indica-
ted. A record is not kept of first, sec-
ond, etc.. Only the original and final
figures are labeled. Hopefully, the stu-
dent will observe that only eight different
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positions of the figure ever appear on the
screen - no matter how many transformations
have been performed (see figure 10). This
reinforces the idea of closure by demon-
strating that only elements of the original
set appear when the operation 'followed by'
is applied. Observing that one transfor-
mation 'followed by' another yields the
original figure will reinforce the ideas

of identity and inverse. Associativity can
be tested for all possible combinations -
given the necessary time and patience.
Non-commutativity can be observed through-
out sections three and four. All of these
concepts are tested in the final quiz.
Again, the student must attain a perfect
score,

At the conclusion of the program, the
student is given an accounting of the total
number correct out of the total number at-
tempted, and the percentage of correct re-
sponses. Some students complete the lesson
using the minimum of forty questions:; most
do not. To date, no one has attained 100%
the first time through the program.

Although the program has not yet been
tested on a regular class, comments from
students who have used the program indicate
that the combination of a graphics screen
and self-paced CAI is an effective method
of presenting the topic of non-commutative
groups as illustrated by the group of ro-
tations and reflections in the plane. The
following are typical of reactions to the
program by users:

~good way to learn

-didn't realize that transformations
formed a group

-learned twice as much twice as fast

-knew about rotations and reflections,
but never knew they formed a group

-didn't know you could combine trans-
formations

-hard to get a perfect score

-don't like to have to retake entire
quiz after missing just one guestion

~fun to be able to draw your own figures

On the basis of the results received
to date, we feel that the time and effort
required to do a more rigorous evaluation
is justified to test the hypothesis that
the use of CAI is more effective than pre-
senting the above topic in a traditional
classroom setting. Such an evaluation is
scheduled tentatively for the Fall of 1976.

Acknowledgments

The authors are indebted to Dr. Hardy
J. Pottinger of the University of Missouri-
Rolla Computer Center for his technical
assistance with the NOVA, Dr. Pottinger
is also the author of the BASIC plotting
subroutines used on the NOVA.



ASSOCIATIVITY

QESERVE ON YOUR TABLE THAT CLOSURE HOLDS, ANY TRANSFORMATION
FOLLOWED BY ANOTHER YIELDS ONE OF THE TRANSFORMATIONS IN THE SET

FOR ASSOCIATIVITY WE WANT TO CONSIDER THREE TRANSFORMATIONS AT A TIME
CALL THEM I, II,AND III. USE AN ASTERISK(*) TQ SYMBOLIZE “FOLLOWED
BY”. IS CI#(II#III)) THE SANME AS ((I#II)MHIII) ?

I
II
II1

ROTATION OF 90 DEGREES
REFLECTION IN LINE X=Y
REFLECTION IN X-AXIS

I = C II # III) IS
(ROTATION OF 20 )% REFLECTION IN X=Y # REFLECTION IN X--AXI5)
(ROTATION OF 90 ) ( ROTATION OF 270)

IDENTITY

¢ I % 11 ) » II1 IS
(ROTATION OF 90 # REFLECTION IN X=Y) # (REFLECTION IN X-AXIS)
(REFLECTION IN X-AXIS ) # (REFLECTION IN X--AXIS)
IDENTITY

SINCE BOTH YIELD THE SAME RESULT ( THE IDENTITY) WE CAN SAY
THAT ASSQCIATIVITY HOLDS IN THIS CASE.

INVERSES
IN YOUR TABLE, YOU SHOULD HAVE EXACTLY ONE I IN EACH ROW AND COLUMN.
ORSERVE THAT 90 IS5 THE INVERSE OF 270, ANO VICE VERZA, BECAUSE
70 FOLLOWED BY 270 GIVES THE IDENTITY, AND 270 FOLLOWED BY 90
ALSO GIVES THE IDENTITY. EACH OF THE OTHER TRANSFORMATIONS IS
ITS OWN INVERSE. THIS MEANS THAT PERFORMING THE TRANSFORMATION
TWICE IN A ROW BRINGS YOU BACK TO THE ORIGINAL FIGURE.

COMMUTATIVITY
YOU SHOULD HAVE NOTICED BY NOW THAT CGUR GROUP I35 NOT COMMUTATIVE
WHILE IT IS TRUE THAT SOME TRANSFORMATIONS CAN BE REVERSED WITHOUT
CHANGING THE RESULT, IT IS NOT POSSIBLE TU DO THIS FOR ALL PAIRS
OF TRANSFORMATIONS. IN ORDER FOR A GROUP TO BE COMMUTATIVE, YOU
MUST BE ABLE TO SAY THAT I#II = II*I FOR ALL TRANSFORMATIONS
I AND II. ONE COUNTEREXAMPLE IS5 SUFFICIENT TO PROVE A GROUP
NON-COMMUTATIVE. FROM YOUR TABLE, YOU SHOULD BE ABLE TO PICK OUT
SEVERAL COUNTEREXAMPLES TO COMMUTATIVITY.

YOU MAY NOW TRY THREE OR FOUR TRANSFORMATIONS( ONE FOLLOWED
BY ANOTHER ). YOU WILL SEE THE ORIGINAL ¢ LARELED)
EACH OF THE INTERMEDIATE FIGURES
THE FINAL FIGURE (LABELED)
HIT THE LETTER L’ TO INDICATE THE LAST TRANSFORMATION IN EACH SET
YOU WILL BE GIVEN THE OPPORTUNITY TO CHANGE THE FIGURE BETWEEN SETS

TRY TO CHECK THE RESULTS WITH YOUR TABLE TO BE SURE THAT YOUR
TABLE IS CORRECT.

Figure 9

DO YOU WANT TO DO IT AGAIN ?

Figure 10
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