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Distorted wave Born and three-body distorted wave Born
approximation calculations of the fully differential cross
section for electron-impact ionization of nitrogen molecules

Junfang Gao,a� D. H. Madison, and J. L. Peacher
Department of Physics, University of Missouri-Rolla, Rolla, Missouri 65409-0460

�Received 29 August 2005; accepted 29 September 2005; published online 28 November 2005�

Currently there are no reliable theoretical approaches for calculating fully differential cross sections
�FDCSs� for low-energy electron-impact ionization of large molecules. We have recently proposed
the orientation-averaged molecular orbital �OAMO� for calculating cross sections averaged over
molecular orientations. In this paper, we use the OAMO to calculate distorted wave Born
approximation �DWBA� and molecular three-body distorted wave �M3DW� Born approximation
FDCS for electron-impact ionization of the nitrogen molecule. Both coplanar symmetric and
asymmetric FDCSs are investigated in the energy range of 35.6–400 eV. By comparing with the
experimental data, we found that the M3DW is reasonably accurate in this energy range. We also
found that the postcollision interaction plays a sufficiently important role and that the DWBA is not
reliable. © 2005 American Institute of Physics. �DOI: 10.1063/1.2126971�

INTRODUCTION

Electron-impact ionization of atoms and molecules plays
an important role in astrophysics, plasma physics, mass spec-
troscopy, and lighting industry. For the last two decades,
high-energy electron ionization of molecules has been used
to explore molecular structure and very valuable information
about the highest occupied molecular orbital �HOMO� has
been found using the �e ,2e� technique.1–4 So far many mol-
ecules have been studied.5 Whereas structure information can
be determined from high-energy electron-impact ionization,
information about scattering dynamics and the basic Cou-
lomb interactions among those particles can be studied for
lower impact energies. Starting in the 1970s, several experi-
mental groups6–15 have measured lower-energy coplanar
symmetric and asymmetric fully differential cross sections
�FDCSs� for different molecules and atoms. However, there
is still no reliable theory to interpret these experimental data,
especially for the case of low-energy electron-impact ioniza-
tion of big molecules.

There have been several different theoretical models pro-
posed since the 1970s: �1� The plane-wave impulse approxi-
mation �PWIA� developed by McCarthy and co-workers1–3

has been very successful at high energies for studying mo-
lecular structure. �2� In 1996, Robicheaux16 introduced an
analytical method to treat electron-impact ionization of H2

+

using a prolate spheroidal coordinate system. This method is
a useful way to assess the experimental data and other ap-
proximations. �3� The modified additive rule �MAR� obtains
molecular ionization cross sections by summing the ioniza-
tion cross section for each constituent atom by incorporating
atomic weighting factors. MAR was used for electron-impact
ionization of C2H6 by Deutch and Becker17 in 1998. �4� In
the first Born approximation �FBA�, the ejected electron is

treated as a Coulomb wave whereas the incident and scat-
tered electrons are treated as plane waves. In 2001, Cham-
pion et al.18 used the FBA to study electron-impact ioniza-
tion of H2O. �5� Monzani et al.19 reported a distorted wave
Born approximation �DWBA� approach for H2 in which all
incoming and outgoing continuum electrons are represented
as distorted waves calculated in the single-center static-
exchange potential using the Schwinger variational iterative.
�6� For the two-effective-center approximation for diatomic
molecules, one assumes that the ejected electron is ionized
from the proximity of one of the nuclei and the passive elec-
tron completely screens the other nucleus. As a result, the
ejected electron interacts with only one nucleus and the pro-
jectile electron. The incident and scattered electrons are rep-
resented as plane waves. This method was used by Weck et
al.20 to study fast-electron-impact ionization of H2 in 2001.
�7� Stia et al.21 introduced the molecular Brauner-Briggs-
Klar �MBBK� approximation for H2. �8� We have recently
proposed the distorted wave impulse approximation �DWIA�
using an orientation-averaged molecular orbital for electron-
impact ionization of N2.22–25 Most theories are designed to
treat either low-energy collisions with simple molecules or
high-energy collisions with big molecules. A reliable theory
for low-energy electron-impact ionization of both small and
large molecules is lacking.

We will present two new theoretical models in this
paper—a DWBA modeled after the corresponding calcula-
tions which have been performed for almost three decades
for atoms and the molecular three-body distorted wave
�M3DW� approximation which is also modeled after the
atomic 3DW approximation. The difference between the
DWBA and M3DW lies in the fact that the M3DW contains
the postcollision interaction �PCI� between the scattered and
ejected electrons to all orders of perturbation theory while
the DWBA contains the PCI only to first order. The
orientation-averaged molecular orbital �OAMO� which wasa�Electronic mail: jgzm6@umr.edu
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discussed in detail in Refs. 22 and 24 will be used to ap-
proximate the average over all molecular orientations. The
DWBA and M3DW will be used to investigate FDCS for
electron-impact ionization of N2. The molecular orbitals
�MOs� used in the calculation were generated from the
Hartree-Fock code GAMESS.26 To study the collision dynam-
ics, we performed both coplanar symmetric and coplanar
asymmetric geometry calculations. For coplanar symmetric
collisions, we will compare our results with the experimental
data of Hussey and Murray9 and the data of Rioual et al.8 For
coplanar asymmetric collisions, we will compare with the
experimental data of Avaldi et al.7 a.u. are used unless noted
otherwise.

THEORY

The M3DW is very similar to the 3DW approach of
Madison and co-workers.27–29 In the M3DW approximation
the T matrix is given by

Tfi
M3DW = �� f

−�e
−Cproj-eject�V − US�� j

OA�i
+� , �1�

where �i, � f, and �e are the distorted waves for the incident,
scattered, and ejected electrons, respectively; � j

OA is the
orientation-averaged molecular wave function for the initial
bound state of the molecule; V is the initial-state interaction
between the projectile and the neutral molecule; and US is
the spherically symmetric distorting potential which is used
to calculate the initial-state distorted wave �i. The term
Cproj-eject is the Coulomb interaction between the projectile
and ejected electrons �PCI�. Brauner et al.30 were the first to
demonstrate for electron-impact ionization of H that it was
very important to include the Coulomb interaction directly in
the T matrix. The standard DWBA is similar to the M3DW
except that the Coulomb interaction is not included in the
final state wave function,

Tfi
DWBA = �� f

−�e
−�V − US�� j

OA�i
+� . �2�

When the Coulomb interaction is included directly in the
final-state wave function �M3DW�, PCI is included to all
orders of perturbation theory and when it is included only in
the perturbation �DWBA�, PCI is included only to first order
in perturbation theory.

The molecular distorted waves are calculated using a
spherically averaged distorting potential, as described in our
previous works.22–25 The Schrödinger equation for the in-
coming electron wave function is given by

�T + US + UE −
ki

2

2
	�i

+�ki,r� = 0, �3�

where T is the kinetic-energy operator, US is the initial-state
spherically symmetric static potential, UE is a local exchange
potential, and ki is the initial-state wave vector. The plus
superscript on �i

+�ki ,r� indicates outgoing wave bound con-
ditions. The static potential is obtained from the Hartree-
Fock charge distribution for N2,

US = Vnuc�r� + Vele�r� , �4�

where

Vele�r� = 
� ��r�,R�dr�

�r − r�� � , �5�

��r�,R� = 
j=1

N

nj�� j�r�,R��2. �6�

Here ��r� ,R� is the molecular charge density which depends
on the internuclear vector R and the electronic coordinate r�,
N is the number of molecular orbitals, and nj is the number
of electrons in orbital � j. We generate the molecular orbitals
� j using the Hartree-Fock code GAMESS.26 The brackets in
Eq. �5� indicate an average over all orientation angles. For
the local exchange potential, similar to the atomic case, the
Furness and McCarthy31 exchange potential is used,

UE = − 1
2 ��ki

2 − US� − ��ki
2 − US�2 + 2�S�r�� , �7�

where �S�r� is the spherically averaged molecular electronic
charge density,

�S�r� = ���r,R�� . �8�

The radial charge density is defined such that the integral
over r yields the number of electrons in the molecule. The
two final channel distorted waves are obtained from the
Schrödinger equation similar to Eq. �3�,

�T + UI + UE −
kf�e�

2

2
	� f�e�

− �k f�e�,r� = 0. �9�

Here UI is the spherically averaged static distorted potential
for the molecular ion which is calculated using the same
procedure as used for US except the active electron is re-
moved from the charge distribution. The minus sign in the
superscript indicates incoming wave boundary conditions.

As described by Prideaux and Madison,32 if we treat the
ionization event as a three-body problem, the perturbation
term can be approximated as

V − US = −
1

�rf − re�
− Ubound�rf� , �10�

where �rf −re� is the distance between the two electrons and
Ubound�rf� is the spherically symmetric potential for the
single active bound-state electron.

To compare with the existing experimental data which
do not distinguish between different molecular orientations,
the OAMO was introduced.22–24 In Eqs. �1� and �2�, the
OAMO � j

OA�r� is defined as

� j
OA�r� =

1

4�
� � j�r,R�d�R. �11�

Gao et al.22–24 showed that using the OAMO in the evalua-
tion of the T matrix to approximate the average over all
molecular orientations was valid for ionization of gerade
ground states of diatomic molecules if the wave function is
dominated by the s-basis functions and qR�2 �q is the mo-
mentum transferred to the ion and R is the internuclear dis-
tance�. For N2 the ground-state wave function is dominated
by s-basic states.

204314-2 Gao, Madison, and Peacher J. Chem. Phys. 123, 204314 �2005�
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RESULTS

The process of interest is e+N2��3�g�2�→2e
+N2

+��3�g��. Existing experiments have been performed in
coplanar geometry for which the incident, scattered, and
ejected electrons all lie in the scattering plane. Investigations
have been performed in both coplanar symmetric and copla-
nar asymmetric geometries. In the coplanar symmetric case,
the energy of each outgoing electron is �Ei−E0� /2 eV where
E0=15.6 eV is the ionization energy of the 3�g state. Figure
1 compares the M3DW and DWBA with the coplanar sym-
metric experimental data of Hussey and Murray9 for energies
between 35.6 and 75.6 eV. Also shown in Fig. 1 are the
DWIA results of Gao et al.25 Except for 35.5 eV, the theo-
retical and relative experimental results are normalized to
unity at the maximum experimental data point. For the
35.6 eV case the normalization was performed at 45°. The
solid lines are the M3DW results, the longer dashed lines are
the DWBA results, and the shorter dashed lines are the
DWIA results.

From Fig. 1, it is seen that, of the three theories, the
DWIA agrees best with the relative experimental data �i.e.,
the shape of the experimental data�. The agreement with the
experimental data gets better with increasing energy for both
the M3DW and DWIA as one would expect for a first-order
perturbation series calculation and by 75 eV, the DWIA is in
very nice agreement with the experiment. Although the
M3DW results are in qualitative agreement with the experi-
ment, the M3DW consistently predicts a large angle peak
that is not seen in the data, also the shape and location of the
binary peak are not correct for 75 eV. There is very little
resemblance between the DWBA model and the experimen-
tal data except perhaps for larger energies and angles. The

DWBA does not even properly predict a binary peak at these
low energies. For coplanar symmetric scattering, the cross
section must vanish for 0° scattering when equal energy elec-
trons are moving together in the beam direction. It is clear
that the PCI term in the M3DW final-state wave function
causes the 0° cross section to be zero whereas the first-order
PCI in the DWBA is not sufficient to make the cross section
vanish and the 0° DWBA cross section is unphysically large.
Although the DWIA T matrix does not contain PCI explic-
itly, it is interesting to note that the physics in the impulse
approximation also causes the coplanar symmetric cross sec-
tions to vanish for 0° scattering.

Figure 2 compares coplanar symmetric DWIA, DWBA,
and M3DW results with the experimental data of Rioual
et al.8 for incident-electron energies between 100 and
400 eV. Again, the theoretical and relative experimental re-
sults have been normalized to unity at the maximum in the
experimental binary peak. It is seen that the agreement be-
tween the experiment and theory continues to improve with
increasing incident-electron energy. The DWIA is in rela-
tively good agreement with the experiment for the whole
energy range and by 200 eV, the M3DW is also in relatively
good agreement with the experiment. At 200 eV, the DWBA
at least predicts a binary peak in agreement with the experi-
ment and by 400 eV, all three theories are in reasonably
good agreement with the experiment. The fact that DWBA
and M3DW are almost the same at 400 eV indicates that the
PCI has become unimportant by this energy for coplanar
symmetric scattering. It is curious that the three theories pre-
dict slightly different locations for the binary peak at 400 eV
and the DWIA is in the best agreement with the experiment
for both the location and shape of the binary peak.

There is an important difference between the way the
distorted waves are calculated for the present M3DW and the
DWIA of Gao et al.25 It is clear that polarization of the
molecule by a continuum electron is likely to be important
particularly for the lower-energy electrons. If the molecule is

FIG. 1. Fully differential cross sections for electron-impact ionization of the
3�g state of N2 for coplanar symmetric scattering. The energy of the incident
electron is shown in each part of the figure and the horizontal axis is the
angular location for the two electron detectors on the opposite sides of the
beam direction. The solid lines are the M3DW results, the longer dashed
lines are the DWBA results, the shorter dashed lines are the DWIA results,
and the black circles are the experimental data of Hussey and Murray
�Ref. 9�.

FIG. 2. Same as Fig. 1 except for higher incident-electron energies. Here the
experimental data are those of Rioual et al. �Ref. 8�.
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polarized, this will affect the charge distribution and conse-
quently the calculation of the distorted waves. Gao et al.25

included the effect of polarization in the calculation of the
distorted waves by using a phenomenological polarization
potential with an adjustable cutoff radius and the radius was
chosen to give the best fit of the DWIA to the experimental
data. Since we do not like adjustable parameters �and were
criticized for this procedure�, we chose to not include polar-
ization in the present calculations. However, it is nonetheless
interesting to see the effect of this polarization potential.

In Fig. 3 we compare the M3DW results both with and
without the polarization potential used by Gao et al.25 for
coplanar symmetric scattering with incident-electron ener-
gies between 55 and 100 eV. It is seen that the effect of the
polarization potential is to shift the binary peak to higher
angles and make the width more narrow which noticeably
improves the agreement between the experiment and theory.
Interestingly, the large angle peak at 55 and 75 eV shifts to
larger angles but does not go away. At any rate, it appears
that the lack of agreement between theory and the M3DW
for energies above about 50 eV resulted not necessarily from
a deficiency in the basic theoretical approach but rather from
the omission of polarization in the calculation of the dis-
torted waves. Although we do not feel like this is the best
way to include polarization, it does appear that a M3DW
with polarization properly included will probably be in good
agreement with the experiment for energies around 50 eV
and higher.

Figures 4–7 compare the present theoretical results with
the coplanar asymmetric measurements of Avaldi et al.7 The
experimental measurements are absolute and we normalize

the M3DW and DWBA results to the experimental data at
68° in Fig. 4 �we do not calculate absolute cross sections
since we do not know all the necessary spectroscopic fac-
tors�. On the other hand, since the experimental data are all
absolute, only one normalization factor is used for all Figs.
4–7. Unlike the linear plots of Figs. 1–3, Figs. 4–7 are polar
plots for which 0° is the incident-electron beam direction, the
faster final-state electron is scattered to the left �counter-
clockwise� of the beam direction and the ejected electron is
measured clockwise relative to the beam direction. The clas-
sical binary peak is the one to the upper right and the recoil
peak is the one to the lower left. For Figs. 4 and 5, the
incident-electron energy is 295.6 eV, the fast scattered-
electron energy is 270 eV, and the slow ejected-electron en-
ergy is 10 eV. In Fig. 4, the fast electron is observed at a
scattering angle of 3.5° and in Fig. 5 fast electron is observed
at a scattering angle of 7.2°.

For Figs. 6 and 7, the incident-electron energy is 304 eV,
the fast scattered-electron energy is 270 eV �same as Figs. 4

FIG. 3. Fully differential cross sections for electron-impact ionization of the
3�g state of N2 for coplanar symmetric scattering. The energy of the incident
electron is shown in each part of the figure and the horizontal axis is the
angular location for the two electron detectors on the opposite sides of the
beam direction. The solid lines are the M3DW results calculated without a
polarization potential, the dashed double dotted lines are the M3DW results
calculated with a polarization potential, the black circles are the experimen-
tal data of Hussey and Murray �Ref. 9�, and the down triangles are the data
of Rioual et al. �Ref. 8�.

FIG. 4. Fully differential cross sections for electron-impact ionization of the
3�g state of N2 for coplanar asymmetric scattering. The incident-electron
energy is 295.6 eV and it is detected at a scattering angle �a=3.5° measured
counterclockwise relative to the beam direction, as indicated in the figure.
The scattered electron has an energy of 270 eV and the ejected electron has
an energy of 10 eV. The solid lines are the M3DW results, the dashed lines
are the DWBA results, and the black circles are the experimental data of
Avaldi et al. �Ref. 7�. All the M3DW and DWBA results are normalized to
the experimental data at �b=68° in this figure.

FIG. 5. Same as Fig. 4 except that the scattering angle �a=7.2°.

204314-4 Gao, Madison, and Peacher J. Chem. Phys. 123, 204314 �2005�
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and 5�, and the slow ejected-electron energy is 18.4 eV. In
Fig. 6 the fast electron is observed at a scattering angle of
3.0° and in Fig. 7 fast electron is observed at a scattering
angle of 8.0°.

From Figs. 4–7 it is seen that the M3DW predicts the
shape and relative magnitudes of the experimental data fairly
well. In general, the binary peak is near the direction of the
momentum transfer and the recoil peak is nearly opposite the
momentum transfer. For the experimental data, Fig. 6 repre-
sents an exception to this rule in that both the binary and
recoil peaks appear to be shifted to larger angles. We did not
find a corresponding shift in the theoretical results and our
binary peak is in the momentum-transfer direction. It is in-
teresting to note that both the DWBA and M3DW predict
about the same angular position for both the binary and re-
coil peaks for the different kinematical conditions. The
DWBA, on the other hand, does not predict the relative mag-
nitudes of the experimental data very well. Consequently, it
is clear that the PCI is very important even for these highly
asymmetric collisions and relatively high incident-electron

energies. For the M3DW, the agreement with the experiment
appears to be better for the smaller fast-electron scattering
angles.

Although the DWBA is worse than M3DW for the co-
planar asymmetry case, it is still much better than the DWIA
�not shown� which has the wrong shape and incorrect peak
positions. It is interesting that the DWIA works so well for
the coplanar symmetric case but not the coplanar asymmetric
case.

CONCLUSION

We have calculated DWBA and M3DW FDCSs for the
e+N2��3�g�2�→2e+N2

+��3�g�� process for both coplanar
symmetric and coplanar asymmetric scatterings. In general,
the M3DW results were significantly superior to the DWBA
results. For coplanar symmetric scattering, experimental data
were available down to 35.6 eV and the M3DW results were
in qualitative agreement with the shape of the data for ener-
gies of 55.6 eV and above while the DWBA was not. In fact,
the DWBA gave completely the wrong behavior for small
scattering angles and low incident-electron energies. On the
other hand, quantitative agreement between the M3DW and
experiment for coplanar symmetric scattering was not
achieved until about 200 eV. The DWIA calculated using a
polarization potential was in reasonably good agreement
with the experiment down to about 50 eV and, when polar-
ization was added in the M3DW calculation, a reasonable
agreement with the experiment was also achieved down to
50 eV. Consequently, these results indicate that the M3DW
should be reliable for incident-electron energies of 50 eV
and above if polarization of the molecule is taken into ac-
count in the calculation of the distorted waves.

For coplanar asymmetric scattering, the existing experi-
mental data are for incident-electron energies in the vicinity
of 300 eV and the data are absolute. The M3DW results were
in fairly good agreement with both the shape and relative
magnitudes of the measurements. While the DWBA shapes
were similar to the data, the relative magnitudes were wrong.
Since the difference between the DWBA and M3DW lies
only in the treatment of the PCI �M3DW contains the PCI to
all orders of perturbation theory while DWBA treats the PCI
only to first order�, it is clear that the PCI is very important
for both coplanar symmetric scattering and coplanar asym-
metric scattering even for energies as high as 300 eV. In fact,
contrary to intuition, it appears that the PCI may be even
more important for coplanar asymmetric scattering than for
symmetric scattering since the DWBA and the M3DW re-
sults were almost the same for the 400 eV symmetric scat-
tering case while large differences were found in the 300 eV
asymmetric scattering case. The DWIA gives completely in-
correct results for the coplanar asymmetric case considered
here.
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