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ABSTRACT

An eikonal approximation is applied to atom-atom scattering in the
intermediate energy range. The theory and the form of the eikonal
approximation are reviewed. Also a brief survey of previous theoretical
methods for all energy ranges is included.

In particular, the differential and total cross sections for the
excitation of hydrogen to the 2s and 2p states by impact on hydrogen
and helium atoms have been calculated using the eikonal distorted wave
Born approximation (DWBA) for the incident energy range of 2.25-100
keV. The eikonal DWBA differential cross sections are compared to the
differential cross sections given by the first Born approximation.

The eikonal DWBA results predict a lower cross section for smaller
angles and a much slower fall off with larger angles than the first
Born approximation. For H-He scattering at 10 keV, the eikonal DWBA
differential cross section is compared to experimental data. It was
found to agree quite well in shape and slope but differed in magnitude
by a factor of four.

The eikonal DWBA total cross sections were compared to other
theoretical calculations and were found to follow closely to the
multistate impact parameter calculations. In the Timit of high energies
and very small angle scattering, the results for the eikonal DWBA total
cross section were shown to reduce to the 2-state distortion approxi-
mation.

Also for H-He scattering, a comparison of total cross sections is

made between the eikonal DWBA results and experimental data. Agreement



is found to be poor at the lower energies where the ejkonal DWBA

results are not expected to be valid and good at the higher energies.
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I. INTRODUCTION

There nas been a considerable amount of interest in the
theoretical and experimental study of atom-atom collisions. A great
deal of this study has been centered on the collisions of hydrogen
atoms with hydrogen and helium atoms. These systems are simple
enough that they lend themselves to theoretical calculations, but yet
sufficiently complex to give rise to the main types of inelastic
transitions observed.

The first theoretical paper on tne subject was vy Bates and
Griffingl in 1953. They studied H-H collisions using tne Born
approximation in the high energy range. Moisewitsch and Stewart2
in 1954 performed a similar calculation for H-He collisions.

The interest in the subject seemed to lag at this point and was
not renewed until the first experimental results were published. 1In
1967 at the Fifth International Conference on the Physics of
Electronic and Atomic Collisions, Ankudinov, Andreev, and Oroe]i3

presented the experimental cross sections for the processes

H(1s) + He(1's) ~ H(2s.2p_.2p,) + He(1's) (1.1)

for the energy range of 0-40 keV. Tnese results were later
published by Orbeli, Andreev, Ankudinov, and Duke]skﬁ.4 The 2p
excitation cross sections were also measured by Vose, Gunz, and
Meyer.5 Their results were slightly lower.

With the advent of the computer, complicated theoretical calcu-

lations became feasible to do. The multistate impact parameter



method which requires the numerical solution of a set of coupled

differential equations was applied to the processes

H(1s) + H(1ls) ~ H(Zs,2p0,2pi) + H(1ls) (1.2)

by F]annery6 in the intermediate energy range.7 Then the method
was applied to H-He collisions, Eq. (1.1), in a paper by F]anner‘y8
and in another paper by Levyg. The 2s excitation cross sections
agreed well with the experiment of Orbeli, et a1.4 However, the 2Z2p
excitation cross section shows a large discrepancy between the
theory of F1anneriy8 or Levy9 and the experiments of Orbeli, et a1.4
and Dose, et a1.5 Even the first Born approximation shows better
agreement with the experimental results. Levy9 has pointed out that
the difference may be due to the neglect of electron exchange and
cascade effects.

Recently there have been more experiments on the H-He collision,
Eq. (1.1), over a wide energy range. Birely and McNea]10 have
measured the total cross sections as a function of energy in the

11

range of 1-25 keV. Hughes and Song-Sik Choe™ " have done the experi-

ment for an energy range of 20-125 keV. The latest experiment is by

12 They measured the differential cross

Sauers, Nichols, and Thomas.
sections for the 2s excitation of hydrogen for an incident energy of
5-25 keV.

The interest in atom-atom collisions stems from a desire to
understand the complicated processes that occur in the upper atmos-

phere. The discovery of the Doppler-shifted hydrogen lines in the

auroral spectrum gave direct evidence that excitations of energetic



particles are important in interpreting the aurora. Measurements
have been made of the flux and the energy spectrum of protons in the
upper atmosphere. Large fluxes of protons were found in the inter-
mediate energy range of 1-10 keV. Consequently, a large flux of
hydrogen atoms would be present from charge transfer processes. The
role of energetic protons and hydrogen atoms in the upper atmosphere

13 The

has been the source of extensive study and much speculation.
basic understanding of such processes as Egs. (1.1) and (1.2) can
lead to a long range understanding of complicated atmospheric
phenomena.

In this paper I apply a new method to the processes mentioned
in Egs. (1.1) and (1.2). This new method is the eikonal distorted
wave Born approximation (DWBA) and was first proposed by Chen,

14 for electron-atom scattering in the inter-

Joachain, and Watson
mediate energy range.

The basic feature of this method is a correction factor to the
total wave function used in the Born approximation. This factor
allows for the distortion of the incoming and outgoing wave functions
as the multistate impact parameter method does. However, differential
cross sections are obtained from the eikonal DWBA while the multi-
state impact parameter method yields only total cross sections.

In section Il a review of the theoretical methods used in atom-
atom collisions will be given. The theory of the eikonal DWBA will
be presented in section III, while the results for the H-H collisions,
Eq. (1.2), and the H-He collisions, Eq. (1.1), will be given in

sections IV and V, respectively. The conclusion is presented in



section VI along with a discussion of the problems and the future of

the eikonal DWBA.



IT. REVIEW OF THE LITERATURE
A. Low Energy

At present there is no direct method available for the entire
energy range for the collisions of atoms. Approximations have been
developed that are valid for low energy collisions and others for
high energy collisions. At low energy where the formation of a
quasimolecule during the collision has a high probability, the
perturbed stationary state (PSS) method is used. 1°-18

This method adopts a procedure similar to the Born-Oppenheimer
approximation for diatomic molecules. The adiabatic assumption that
is made asserts that the electrons follow the nuclear motion without
making any transitions from one electronic state to another, but
rather the electronic wave function itself is deformed slowly by the
nuclear motion. The mathematical consequence of this hypothesis is
that the wave function is separable into a product of two functions,
one describing the electronic motion and the other the nuclear
motion.

Consider two atoms of masses MA and MB separated by an inter-
nuclear distance R. The notation ?A and ?B represents the positions
of the electrons of atom A and B, respectively. Following the Born-
Oppenheimer approximation, we neglect the mass of the electron in

comparison to the mass of the nucleus. The approximate wave equation

. . . . .. 19 .
in the center of mass coordinate system in atomic units is



1 2 1.2 1 .2 > >
[- M VE-_ §'v+, - ﬁ'vﬁ, + VA(?A) + VB(?B) +V (rA’rB’ ) + U(R)]
A "B
W(A > »») - EW(» —> + )
x rA,PB,R rA,Yé, (2.1)

where M 1is the reduced mass,
M =M MB/(M +MB) (2.2)

and E is the total energy of the system. VA and V, are the internal

B
atomic potentials of atoms A and B, respectively; VI is the

electronic interaction potential between atoms A and B; and U is
the nuclear coulomb interaction potential between atoms A and B.

For a fixed nuclear separation, the electronic wave equation is

1.2 1.2 > > > > 7
[— E—V? - §-V% + VA(PA) + VB(rB) + VI( AsrB, )]Xn(rA’rBaR)
r
A B
= En(R)Xn(rA,rB,R) (2.3)

where En(ﬁ) is the energy eigenvalue of Eq. (2.3) and depends
parametrically on E. For each arrangement of the nuclei indexed by
R, there corresponds an electron distribution Ixn(?A,?B,ﬁ)lz with
energy En(ﬁ). At infinite separation, En(ﬁ) corresponds to the sum
of the energies of the atomic states.

> - . A
,R), is the molecular wave function

The eigenfunction, x_ (r rps’
-
of the state n and depends parametrically on R. Also, the molecular

wave functions form a complete orthonormal set for the electronic



variables and can be used as a basis for an expansion of the wave

function of the entire system. That is

atgoR) = T (FotgsR) FL(R) (2.4)
n

Substituting Eq. (2.4) into Eq. (2.1) and multiplying by X: and

integrating over all electronic coordinates gives

[-%ﬁvg, + UR + ER®  -E] F(R)
), C2LTE, (] Jd#n dFg xp Ty

.(R) dr, dr v2 P 2.5

[ dify dg 0, i (2.5)

The complete quantum treatment would require the solution of
Eq. (2.5). Then from the asymptotic form of Fn(ﬁ) the phase shifts
can be found and consequently the cross sections for the various
processes can be found.

In general, the solution of Eq. (2.5) is very difficult.
However, a semi-classical approach, which combines time dependent
perturbation theory and a classical trajectory, is used. That is,
the electrons may be considered to move in a time dependent potential,
the time dependence arising from the motion of the nuclei. The wave

equation for the electrons is

Hoy ©(FpsrgsRIE)) = i 20 0(F, P uR(2)) (2.6)



where H_, is given by the Teft hand side of Eq. (2.3) and the =
is to be performed with ?A and ?B constant. Since the internuclear

distance is a function of time, an approximate solution of Eq. (2.6)

is
t

0 = Xy (FaeTgaR(E))expl-1] £ (R(1))dt] (2.7)

where the molecular wave function, Xp is assumed to vary slowly
>
with respect to R. The full wave function can be expanded in terms

of the basis functions, Eq. (2.7), to give
> > > > > >
¢(ry,rg-R(t)) = % a (t)e, (ry,rg,R(t)) (2.8)

where a is the transition amplitude. Substituting Eq. (2.8) into
Eq. (2.6), a set of coupled differential equations for the a's
results. A solution of the differential equations can be found by
assuming a straight line path and that the velocity is constant.
This method is very similar to the muitistate impact parameter
method which will be discussed later.

Both the quantum and the semi-classical treatment have the same
failings. One is that the electronic eigenfunctions do not allow
for the rotation of the internuclear line and the other is that the
translational motion of the electrons with respect to the center of
mass is not accounted for.

Corrections have been made to improve this method. The perturbed
rotating atom (PRA) approximation was proposed by Bates16 to allow

for the rotation of the internuclear line during the coilision. In



this method the eigenfunctions of the quasimolecule are replaced by
the eigenfunctions of the target perturbed by the projectile. The
axis of quantization is changed from the internuclear line to an axis
parallel to the initial trajectory. An impact parameter formalism
similar to the semi-classical method mentioned before is used.
However, Bate516 has pointed out that allowing for the rotation of
the internuclear line shows that strong couplings exist between
states whose quantum numbers are identical except for the magnetic
quantum numbers. Also he noted that strong couplings will exist to
states whose potential energy surfaces are close to the states of
interest. An expansion of the wave function must be made over
several states which results in a complicated set of equations that
must be solved.

A traveling molecular wave function was used to correct for the
translational motion of the electron. The basis functions were
changed by the multiplication of the molecular wave function by a
plane wave that represents the translational motion of the electrons.
However, the addition of this factor spoils the effectiveness of the
expansion, Eq. (2.4). The main drawback is that the form used forces
the electron to belong to one center or the other when for slow
collisions the electron belongs to neither center. Also the
integrals in Eq. (2.5) become more difficult to do since some will
contain plane waves.

As long as the collisions are very slow, the difficulties
mentioned are minimal and calculations are possible. However, if

the collisions become too energetic, a correct calculation becomes
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unfeasible. The methods mentioned here can not be easily modified

to use for collisions in the intermediate energy range.

B. High Energy

For collisions at high energy, the first Born approximation is
used exclusively. This approximation assumes that the projectile
energy is high enough that the kinetic energy term of the Hamiltonian
of Eq. (2.1) is dominant and the interaction potential V can be
treated as a perturbation. The zero order equation can be solved
in terms of a plane wave multiplied by a product of atomic wave

functions. That is

1 2 1.2 1 .2 > > > >
[_ ’2—_ vﬁ - §v+ - ? v_* + VA(rA) + VB(Y‘B)]q}n(Y‘A’Y‘B’R)
A "B
> > =
- encpn(rA)rB,R) . (2-9)

The solution of Eq. (2.9) is

3 >
_ "7 ik-R > >
o, = (2m) 2 R g (Fog (%) (2.10)
and
k2
€, = om T ea T Ep (2.11)

where ¢A(?A) and ¢B(7B) are the atomic wave functions and €p and €g
are the internal energies of the atoms. The perturbation V is taken

to be the interaction between atoms A and B. That is



11

-5
V(FpLFgsR) =V (FauFsR) + U(R) . (2.12)

The Born approximation is so commonly used and can be found in
almost any quantum mechanics book that a long discussion is
unnecessary.20 Egs. (2.9)-(2.12) show how the Hamiltonian is arranged
for the particular case of atom-atom collisions.

The simplicity of this method makes it very inviting for modifi-

cation for the intermediate energy range. The eikonal DWBA is a

modification of the Born approximation and will be discussed later.
C. Intermediate Energy
1. The Multistate Impact Parameter Method

The multistate impact parameter method assumes that the collision
is at a high enough energy that the change in kinetic energy due to
inelastic scattering is so small that the change can be neglected and
the kinetic energy is assumed to be constant. Also small angle
scattering is assumed, so the change in momentum can be neglected and
the trajectory is taken as a straight line. A brief discussion of
the method will be given. A more complete description is given
elsewhere.21

The projectile, atom A, travels along a straight Tine with a
constant velocity v. The trajectory is parallel to the Z axis, the
axis of quantization for both atoms, and remains a distance b, the

jmpact parameter, from the Z axis. The origin of this cylindrical

coordinate system is placed at the target atom B. The internuclear
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=

separation is R and the electron positions with respect to the atoms
A and B are labeled FA and ?B‘ In this approximation the electronic
wave function for the system is given by

-1Emt

W(rA,rB,t) = % a

(2.13)

m(t) lJJm(Y‘AsY‘B)e

where by is the product of the projectile wave function ¢A(?A) and the
target wave function ¢B(?B); E. is the sum of the electronic energies
€ and eps and the transition amplitude is a -

Using the wave function of Eq. (2.13) and the interaction
potential of Eq. (2.12) as a time dependent perturbation, an infinite
set of first order coupled differential equations is obtained for the
transition amplitudes. The result is

3 t) N iE t
i ‘i%é——-= ) am(t) Vnm(R(t))e1 nm (2.14)
m

where

=E -E (2.15)

and

R = (b2 + y2t2)2 (2.16)

The matrix element is given by

> > > > > > >
Vnm = <1Pn(Y'A,PB)lV(R(t),Y‘A,rB)!wm(Y\AarB)> - (2-17)



13

In practice, the series is truncated and a finite set of N
coupled differential equations is solved. The probability of the

transition from the initial state 1 to the final state n is given by

Pl (b) = Ja, (+=)]% . (2.18)

n

The total excitation cross section for a particular velocity v is
given by

_ N
o), = 2 J Pl (6) b db . (2.19)
0

The solution of the N coupled differential equations and the
evaluation of the cross sections are carried out numerically.

This method allows for the distortion of the plane wave and also
for the couplings between states. The assumption that the projec-
tile travels in a straight Tine throughout the collision eliminates
the possibility of calculating a differential cross section. Both
the total and differential cross sections can be calculated in the

eikonal DWBA.
2. The Eikonal Approximation

The eikonal approximation is a common approximation used in
physics. In nuclear physics, the Glauber approximation22 is the
eikonal method applied to nuclear scattering. In 1968, Franc023,
using the formalism of the Glauber approximation, was the first to

apply this method to electron-atom scattering. The basic idea of the



14

approximation is that the wave function, Eq. (2.10), is modified by
> ->

a factor exp[S(R)] where S(R) is a slowly varying function of R.

That is, for atom-atom collisions the wave function is

3 > >
> - = ik.-R R N >
¢n(PA,rB,R) = (2m) 2 o 1 ¢A(rA)¢B(rB)eS(R) (2.20)

Substitution of the modified wave function, Eq. (2.20), back into

the wave equation, Eq. (2.1), will give the following equation for
S(R).

[21?1-5%3(3) + vés(ﬁ) + (vﬁs(ﬁ))2 - 2MV(§,?A,?B)] =0 (2.21)

o>
Since S(R) is a slowly varying function of E, the first term of

Eq. (2.21) dominates and the other terms are neglected. The initial

momentum E{ is assumed to be along the Z axis. The solution for

S(R) in the Glauber approximation is

Z
S(R) = - 1 J VR 7y Tg)d2”

-00

(2.22)

The cross section can be found by using the modified wave

function, Eq. (2.20), in the scattering amplitude.

. Z
> -M (T 16-(E+ZZ) * * > i > > > .
£ (@) = e on (o (Fglexol- 1 [ V(R 7y Fp)dz]
fi+d (21) JJ ALt TAYYBLTB v B
V(R, ¥, Fg) ¢Ai(?A) ¢Bi(?B) dR dF, d¥, (2.23)



15

where i and f Tabel the initial and final states and the momentum

transfer is

q=KkK -k (2.24)

and

R=B+27 . (2.25)

In the Timit of high energies and small angle scattering, the
momentum transfer is assumed to be perpendicular to the initial
momentum. This allows the Z integrand to be written as a total
derivative and therefore the Z integration can be easily done.

This approximation has been applied to e-H scattering by

Franc023; and Bhadra and Ghosh24

; and Tai, Bassel, Gerjuoy, and
Franc025. Also e-He calculations by Franco26 and by Yates and
Tenney27 demonstrated that this is a promising method.

However, there does exist some valid criticism of the Glauber
approximation. The scattering amplitude is a multidimensional
integral over electron coordinates and the internuclear coordinates.
The assumption that the momentum transfer was perpendicular to the
initial momentum causes an unphysical selection rule. Thus, the
1s+2pO excitation cross section of H in the e-H collision is
identically zero.

Byron28 has done a modified Glauber calculation for e-H and e-He
scattering in which no restrictions were placed on the momentum

transfer. The 6-dimensional integral for e-H scattering and the

9-dimensional integral for e-He scattering were performed
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numerically using the Monte Carlo method. For e-H scattering, the
1s>2s excitation cross sections of Byron agree virtually exactly

25 Byr‘on's28 value for the

with the calculation of Tai, et al.
1s—>2p0 excitation was, of course, non-zero. The relative population
of the magnetic substates of the 2p level of hydrogen gives rise
to the polarization of the emitted radiation after the collision.
The calculation of Tai, et a1.25 yields a constant negative polari-
zation. Byron'528 calculation gives a positive polarization that
agrees fairly well with the experimental results.

The number of integrals that can be done analytically depends
upon the form of the interaction potential as well as the form of
the atomic wave function. Franco29 has shown that for electron
scattering off an atom with Z electrons the (3Z+2) dimensional
integrais for the scattering amplitude can be reduced to a one
dimensional integral to be performed numerically. However, his
derivation is limited by the assumptions that the atomic wave function
could be represented as a product of particular functions of one
electron coordinate and that the interaction potential is a sum of
coulomb terms that contain only one electron coordinate. This
permits the integrals over the electronic coordinates to be factored
out and done separately. However, for atom-atom collisions the inter-
action potentials contain terms that mix the electronic coordinates,
so that the procedure used for electron-atom collisions is not
applicable to atom-atom collisions. The large number of integrals

to be done numerically makes this method unfeasible for atom-atom

collisions.
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The eikonal distorted wave Born approximation is very similar
to the Glauber approximation, but manages to avoid the same criticism.
The eikonal DWBA results in a three dimensional integral to be done
no matter how many electrons are involved. Also no selection rule
occurs for the 1s+2p0 excitation. The derivation of the eikonal

DWBA will be given in the next section.
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III. THE EIKONAL DISTORTED WAVE BORN APPROXIMATION
Consider the nonrelativistic rearrangement collision
A+B - C+0D (3.1)

where A, B, C, and D can be elementary or composite particles with
masses MA’ MB’ MC’ and MD. The center of mass coordinate system is
used where Ei and Ej are the relative coordinate and relative
momentum, respectively, for particles A and B in the initial channel

i. The reduced mass Mi in the initial channel is given by

-1 -1 1

Mi = ”A + MB (3.2)
The initial channel Hamiltonian H, s
Hi = Ki + hi (3.3)
where Ki is the relative kinetic energy operator given by
_ g -1 2
Ki = —(2H1) v (3.4)
1'
The internal Hamiltonian of the initial channel satisfies
h.o (£.) = ¢ ¢ (5.) (3.5)

The subscript o refers to a collection of quantum numbers and £;
denotes a set of generalized coordinates describing the internal
structure of the systems A and B. If hA and hB are the internal

Hamiltonians of A and B with
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hACbA(?A) = €A¢A(?A) (3-6)

and

then
h1 = hA + hB (3.8)

and
€, = €p t Ep (3.9)

and
6, (£5) = 0, (Fp)og(Fp) (3.10)

The total energy in the center of mass in channel i is

=-—.~+ IS (3.11)

where the notation a = (i,a). The channel eigenfunction or

asymptotic states Xg = X, are solutions to
= EaXa (3.12)
where X4 is
> - i
Xa(Riag5) = (2m) “e 0o (£5) (3.13)

If the interaction between systems A and B is denoted by V1

the total Hamiltonian is
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H=H., + V. (3.14)

A similar set of equations hold in the final channel with the
substitutions i~»f, o>, A>C, and B-D.

Let us suppose that the scattering proceeds from an initial
state Xa to a final state Xp* The differential cross section for

this process is given by

do

&= @) (ke kMM T |

(3.15)

where Tba is the T matrix on the energy-momentum shell. The T matrix

can be written as
+ -
Tba = <Xb|vf|qja > = <wb |V1|Xa> . (3.16)

The wa+ and wb— are state vectors given by

+
LPa

Xa + (E-—H+'in)-l V.x

A (3.17)

and

Yh

X, * (E-H-in) 7tV (3.18)

b

with n-0".

The equations given above are common to the theory of rearrange-
ment collisions. For example, see Ge]tman30 for a general treatment
of rearrangement collisions.

Let us suppose that the interaction potentials are decomposed

in the initial and final channels as
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and

V.= U, + W (3.20)

where Ui and Uf are potentials that we wish to take into account
directly in the channel eigenfunction. New Hamiltonians can be

defined as

and

The corresponding state vectors are

+ boesy-l
2 = Xg T (E-Hy+in) “Uax, (3.23)

S
I}

and

Xb + (E'ﬁf'1n)-1Ube (3.24)

<
(on
]

with n+0+.
The state vectors, ¢; and ¢;, can be incorporated into the

theory by means of the T matrix. A'simple calculation yields the

T matrix for scattering from two potentia]s.31 That is

Toa = <Xblvf-wil¢;> + <¢g|wi|¢;> . (3.25)
Also

Toa = <0p 1ViWeligr + <opluglvy> (3.26)
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A physically meaningful separation of Vi and Vf is to choose Ui
and Uf so that they induce elastic scattering. That may be

accomplished if the choice is

Ui = Uy (R,) (3.27)

Ug = Uf(Rf) (3.28)

The state vectors are just the distorted waves. The T matrices of

Egqs. (3.25) and (3.26) reduce to

- +

Tba - <¢b|w1|¢a> (3-29)

T = <¢ W |ut> (3.30)
ba ¢b| flwa .

The above equations are still rigorous. However an approximation is

needed to obtain results. Let

RN (3.31)
and
wg = ¢B (3.32)

The total wave function is being approximated by the distorted wave.
The T matrix becomes, in the distorted wave Born approximation

(DWBA),

DWBA

- + - +
Tba = <¢b’wf|¢a> = <¢b|w1l¢a> (3.33)
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The choices of the potentials Ui and Uf have only been restricted
to be a function of the internuclear coordinates and not of the

electronic coordinates. However, the best choice for Ui and U, are

f
the optical potentia]s32 describing the elastic scattering in the
initial and final channels. The scattering reaction consists of an
incoming wave whose phase has been distorted by the elastic potential
Ui; a single interaction is induced by wi or wf; and the outgoing

plane wave is distorted by the elastic potential Uf.

A straight line eikonal approximation can be used to approximate

¢; and ¢B. This approximation assumes a solution for the initial
channel as
t -3 ik, R R.) (3.34)
o, = (2m) exp[1k1°Ri + S(Ri ] ¢u(£1) .

and that S(Ei) is a slowly varying function. Substitution of

Eq. (3.34) into the wave equation with the Hamiltonian ﬁi’ Eq. (3.21),
will give an equation for S(Ei) similar to Eq. (2.21) except

> > . 2 . = . .
V(R,rA,rB) will be changed to Ui(Ri)' Since S(Ri) is slowly varying,
only the term with the single derivative will be kept. The direction
> . =z .

for ki can be taken along the Z axis. This allows S(Ri) to be easily

solved for and be written as

- _ 1___ > ' \ -
S(Ry) = - 1 J Uy (B;.23)dzy (3.35)

where

R. = B. + 2z, and vi = kM, (3.36)
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A similar procedure can be followed in the final channel. The

distorted waves in the eikonal approximation are

23 ‘i
+ ik > i e 1 '
ot ) < (an) P expliky Ry - I [ Ui BT aze (e (3.37)
and
(eik) -3 §
~(eik) _ 2 o x i R
I [URCREIRETIA T ER (3.38)

(o]

For direct collisions where rearrangement does not occur, the
subscript of i or f on the electronic and internuclear coordinates

can be dropped. Substituting the distorted waves, Egs. (3.37) and

(3.38), into TéQWBA), Eq. (3.33), the T matrix in the eikonal DWAl?*
becomes
[ s} 2TT
Tb§e1k) = (2n)73 J db b J iz | do expli (k, -k -cos0)Z
J
0 -0 0
+ is0(B,2) - ikfb sing cos¢]A(E,z) (3.39)
where
Z e
g _ 1 7o ' 1 T Y
so(B,Z) = - =— U,(b,2')dz' - — | U.(b,Z")dZ (3.40)
V. 1 v f
il fy
and

AB,2) = <05 () M(R,E) |0, (£)> (3.41)
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IV. EXCITATION TO THE 2s AND 2p STATES OF HYDROGEN BY HYDROGEN IMPACT
A. Basic Equations

The eikonal distorted wave Born approximation has been applied to
the process given by Eq. (1.2) in the energy range of 2.25 keV
(v.= .3 a.u.) to 100 keV (v = 2.0 a.u.).

The interaction potential was taken as

VR, Py s top) = &+ 1 - - (4.1)

where ?1A and ?ZB are the distances to the electrons from their
respective nuclei.
The optical potentials are approximated by the corresponding

static potentials and the elastic matrix elements are

Ui = <015 (rap)oqg (rgp) VR Py s o) 1675 (P oy (Ppp)>

-2R ‘
- & (%ﬁ- + 15 - 18R - 4R%) (4.2)

25_ - - > > > -
Ug™ = <oy (rpdong (rop) [VIR, Py psrop) [0 (rypdong (rpp)>
2
1 - -R,209 669 . 225R  63R 2R, 128
el - -y ) e T e, (49)



2p
c _ - > > > -> -
Ug = = <¢ls(r1A)¢2po(r B)IV(R’rlA’rzu)|¢1s(“1A)¢2p0("2B)>
52
and
2p+ _ - - > > - - -
Ug = <¢ls(r1A)¢2p+(r28)IV(R’rlA’rZB)|®ls(r1A)¢2p+(rEB)>
2
_ 1 Z
= Ug(R) - 5 (3 Eg--l)UZ(R) ,
where
1 -R,664 2 o 2R (1
Ug = og7 Lo (9% - 558 + 198R - 630°) + e 2R (1280 1 1g94)]
and
1 -R,912 . 912 56 2
Uz-m'[e (E:—g-—-FRz ——R-—-360+198R"63R)
-2R,57 , 114 , 82
- 16e "N (S5 + S 4 =+ 12)]
R R
The off diagonal matrix elements are given by
-> > > > > -> >
Aos (R) = <015 (M1a)0ps (g V(R yp o) Ty g (ryp)og 5 (pp)>
_ 3R
_ 4/~ e ?”k12288 - 4403 + 11§7R

- e ARA2ZEEE o q702)]
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(4.4)

(4.6)
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A > - > > > >
Aap (R} = <015 (rapdegy () VIR F1ps o) 1935 (7yp) 015 (ras)>

and

Aop, (R) = <015 (ra)og, (rap) VIR, p1op) 10g5(rya)e5(ray)>

= b o1 p (R (4.10)
J7 R
where
. 3R
_ 48/2 440 . 660 1127R
Ao = 70T e 2 TR T 273 + =57-)

gem (3 + 104 1)1 . (4.11)

The ¢ integration in the T matrix, Eq. (3.39) can be performed
and the JO or Jl Bessel function will result. he T matrix elements
can be written as

[ee]

Tégjﬁg = (er?)7! f db b Jg(b ke sino) exp[i0°®(b)]
0

oo

j A, (b,2) cos[(k-kg cose)Z + 25 (b,2)]az (4.12)
0

where

625 (b) = J (-, (b,2)/v, - uis(b,z)/vf) dz (4.13)
0



and
Z
2s _ ’ ' 2s ] [
0
Also,
) ) * 2p
(eik) _ i . . 0
T2po’1s- (2ﬂ2) db b Jo(b kf sino) expli ¢ (b)]

0

oo

2p
f Ay (b,2) sin[(kj~ks c0s0)Z + v °(b,2)1dz
0 (e}

where

2pO - Zpo
0" OW) = [ [ 0u2)/vy - U O (b,2)/v a2

0

and
2p0 ‘ ' 2p0 ! t
A CRIEN  SHCR DA (R AU
0

and finally

. . 2p
(eik) _ -i f 2 . ) +
T = db b J.(b k. sing) exp[i ¢ (b)]
2pysls o2y ! 170
AL (b,Z) 2p
j g—— cos [(ki-kp cOSO)Z + v T (6,2)] dz
(/2(b°+2°)%)

0
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(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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where
2p . 2p
o (b) = f ('“1(‘3’2)/\’1 - U +(b,Z)/vf) dz (4.19)
0
and
2p, ' z 2p,
v, = [ U,z U 0,20 ) a2 (4.20)
0

The numerical solutions of the above equations will be discussed in

the appendix.
B. Results and Discussion
1. Differential Cross Sections

In Figs. 1-5 the differential cross sections for the 1s->2s
excitation are plotted versus the scattering angle 0 for the incident
velocities v = .3, .4, .5, 1.0, and 2.0 a.u. for both the eikonal
DWBA and the first Born approximation. Some general characteristics
of the eikonal DWBA can be seen. One consistent observation is that
the eikonal DUWBA curve lies below the first Born approximation curve
for small angles and then crosses the Born curve and remains above it
for the larger angles. The eikonal DWBA differential cross sections
die off very slowly for large angles. This region of large angle
scattering becomes very important when the total cross section is
calculated. For example in Fig. 4 for v = 1.0 a.u., the eikonal
DWBA curve falls below the Born curve for small angles and then

3

crosses above the Born curve at a scattering angle of 6=2.4x10 " rad.
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FIG. 1. Differential cross sections for the excitation of
hydrogen to the 2s state by hydrogen impact for an incident velocity
of 0.3 a.u. or for an incident energy of 2.25 keV. The solid line
is the eikonal DWBA and the dashed line is the first Born approxi-
mation. Both the differential cross section and the scattering angle

are given in the center of mass coordinate system.
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FIG. 2. Differential cross sections for the excitation of
hydrogen to the 2s state by hydrogen impact for an incident velocity
of 0.4 a.u. or for an incident energy of 4.0 keV. The solid line
is the eikonal DWBA and the dashed line is the first Born approxi-
mation. Both the differential cross section and the scattering angle

are given in the center of mass coordinate system.
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FIG. 3. Differential cross sections for the excitation of
hydrogen to the 2s state by hydrogen impact for an incident velocity
of 0.5 a.u. or for an incident energy of 6.25 keV. The solid line is
the eikonal DWBA and the dashed line is the first Born approximation.
Both the differential cross section and the scattering angle are

given in the center of mass coordinate system.



2
dﬂ,(o )

do

10

10

lllllll

L IIITIT_

IR ILLBA
1 1111

|

|
]

ls—> 2s

— e om— — — —

L1 1 llllll

| lllll

L1 1 lllll

1

1
Lol

AL III]

L

|

L b

| . lllll

® (rad.)

Figure 3



36

FIG. 4. Differential cross sections for the excitation of
hydrogen to the 2s state by hydrogen impact for an incident velocity
of 1.0 a.u. or for an incident energy of 25 keV. The solid line is
the eikonal DWBA and the dashed line is the first Born approximation.
Both the differential cross section and the scattering angle are

given in the center of mass coordinate system.
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FIG. 5. Differential cross sections for the excitation of
hydrogen to the 2s state by hydrogen impact for an incident velocity
of 2.0 a.u. or for an incident energy of 100 keV. The solid 1ine is
the eikonal DWBA and the dashed Tine is the first Born approximation.
Both the differential cross section and the scattering angle are

given in the center of mass coordinate system.
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where the differential cross section is a factor of ten below the peak
value. The differential cross section lying outside the crossing
point constitutes 38% of the total cross section for the eikonal DWBA
for this case (v = 1.0 a.u.).

Another characteristic of the eijkonal DWBA differential cross
sections is the second peak. The peak is quite sharp in Fig. 1 for
v = .3 a.u. and flattens out for the higher velocities as shown in
Figs. 2-5. For v = 2.0 a.u., Fig. 5, the peak has disappeared and
the difference between the Born and the eikonal DWBA 1is small.

The physical significance of the second peak is hard to determine.
However, it is due to the interference between the distortion factor
exp[i ¢(b)] and the Bessel function Jm(b kf sinG). The result of
the Z integration varies quite slowly with angle and therefore does
not contribute to the second peak. The function ¢(b) behaves as
In b for small b and as exp(-Ab)/vb for large b. Thus, the factor
exp[i ¢(b)], which is not a function of the scattering angle,
oscillates rapidly for small b and slowly for large b until asymp-
totically the factor equals one. The factor Jm(b kf sing) is also
an oscillating function. The product of these two factors causes the
b integration to be the sum of positive and negative areas. The
areas vary with angle and at a certain angle the sum of the areas
creates a relative minimum in the differential cross sections and at
another angle a relative maximum.

In Figs. 6-10, the differential cross sections for the
ls—>2po,2p+ excitations are plotted versus the scattering angle for

v = .3, .4, .5, 1.0, and 2.0 a.u. for both the eikonal DUBA and the



41

FIG. 6. Differential cross section for the excitation of
hydrogen to the 2po and 2p_ states by hydrogen impact for an incident
velocity of 0.3 a.u. or for an incident energy of 2.25 keV. The
solid line is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.
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FIG. 7. Differential cross section for the excitation of
hydrogen to the 2pO and 2p+ states by hydrogen impact for an incident
velocity of 0.4 a.u. or for an incident energy of 4.0 keV. The solid
line is the eikonal DWBA and the dashed line is the first Born approx-
imation. Both the differential cross section and the scattering angle

are given in the center of mass coordinate system.
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FIG. 8. Differential cross section for the excitation of
hydrogen to the 2pO and 2p_ states by hydrogen impact for an incident
velocity of 0.5 a.u. or for an incident energy of 6.25 keV. The
solid line is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.
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FIG. 9. Differential cross section for the excitation of
hydrogen to the 2po and 2p _ states by hydrogen impact for an incident
velocity of 1.0 a.u. or for an incident energy of 25 keV. The solid
line is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the

scattering angle are given in the center of mass coordinate system.



2
@

dfl

do

1 lll]lll' I LI

l

procer

LI lllll T T T TT111T]

I

| illllllJ llll

i 1 111

Lo gl

L1l lllll

L

1.1 IllL[

Figure 9



49

FIG. 10, Differential cross section for the excitation of

hydrogen to the 2p_ and 2p, states by hydrogen impact for an incident

velocity of 2.0 a.u. or for an incident energy of 100 keV. The solid

line is the eikonal DWBA and the dashed line is the first Born

approximation. Both the differential cross section and the scattering

angie are given in the center of mass coordinate system.
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first Born approximation. The characteristics discussed for the

1s~2s excitation are still present. The eikonal DWUBA curves are below
the first Born approximation curves for small angles and then cross
the Born curves and remain above them for the larger angles. This
larger angle scattering is important in the calculation of the total
cross section from the differential cross section. For the velocity

v = 1.0 a.u., the eikonal differential cross section for the Zpo
excitation crosses the Born curve at a scattering angle of

6 = 1.3 x 10'3 rad. Twenty-three percent of the total cross section
lies outside this crossing point. The 2p, excitation differential

3 rad. at

cross section has a crossing point of 6 = 2.2 x 10
v = 1.0 a.u. and only 1% of the total cross section lies outside
this region.

The second peak also occurs for the 2p0 and the 2p_ curves for
the eikonal DWBA. These peaks become sharper at lower velocities
as shown in Fig. 6 and then flatten out at higher velocities as shown
in Figs. 7-10. The occurrence of these peaks is still attributed to

the interference of the distortion factor exp[i ¢(b)] and the Bessel

function Jm(b ke sing).
2. Total Cross Sections

The differential cross sections of the preceding section have
been integrated to yield a total cross section. In Fig. 11, the total
cross section for the 1s»2s excitation is presented for the eikonal
DWBA, the first Born approximation, the 2- state and 4- state impact

parameter calculation of F]annery6, the impact parameter calculation
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FIG. 11. Total cross section for the excitation of hydrogen
to the 2s state by hydrogen impact. The solid line is the eikonal
DWBA and the dashed line is the first Born approximation. The
dash-dot line (=== === ) and the dotted line (====-<) are the
4-state and the 2-state impact parameter calculations of Flannery,
Ref. 6. The dash - double dot line (== === ==-) is the impact

parameter calculation using symmetrized atomic orbitals by Bottcher

and Flannery, Ref. 33, and the long dash 1line ( ) is the
2-state impact parameter calculation, including electron exchange

and the translational motion of the electrons, by Ritchie, Ref. 34.
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using symmetrized atomic orbitals by Bottcher and F]annery33

, and the
2-state impact parameter calculation including electron exchange and
electron translational motion by Ritchie34. A1l the methods converge
to the same curve for large velocities and differ considerably at the
lower velocities. However, the eikonal DWBA does seem to follow the
impact parameter calculations, especially the 2-state approximation.

In Figs. 12 and 13, the total cross sections are presented for
the ZpO and 2p+ excitation. The curves in these figures are the same
as in Fig. 11 except the 2-state calculation of F]annery6 has been
deleted since it follows very close to the 4-state curve. Also the
2-state calculation of Ritch1e34 was only for the 2s excitation.

The closeness of the 2-state impact parameter method and the
eikonal DWBA raises a question as to whether there is a relationship
between the two methods. One can show that the eikonal DWBA can be

reduced to the 2-state distortion approximation35 in the 1imit of

high energy and very small scattering angle, namely

k| >> (21aE)? (4.21)

and

cos K.k, =0 << 1 (4.22)

where AE is the change in kinetic energy or the electronic excitation
energy. The conservation of energy equation can be approximated

using Eq. (4.21) to obtain

k., - kg = AE/V (4.23)
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FIG. 12. Total cross section for the excitation of hydrogen
to the 2p0 state by hydrogen impact. The solid line is the eikonal
DWBA and the dashed line is the first Born approximation. The
dash-dot linge (=— = — =) is the 4-state impact parameter calculation
of Flannery, Ref. 6. The dash - double dot line (== = = == ==) is the
impact parameter calculation using symmetrized atomic orbitals by

Bottcher and Flannery, Ref. 33.



56

.V(a. u.)

Figure 12



57

FIG. 13. Total cross section for the excitation of hydrogen to
the 2p, state by hydrogen impact. The solid line is the eikonal DWBA
and the dashed line is the first Born approximation. The dash-dot
line (== = — =) is the 4-state impact parameter calculation of
Flannery, Ref. 6. The dash - double dot line (== == — =39 is the
impact parameter calculation using symmetrized atomic orbitals by

Bottcher and Flannery, Ref. 33.
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The T matrix, Eq. (3.39) can be written as

ZTT S [e'e}
Té?k) = (2m)73 J f b db do f dz exp[1LEZ 4 i 5 ¢(b,2)
0 0 -
+i(Ky-Kp)-B1 Ab,Z) . (4.25)

Using the notation introduced in Egs. (4.13) and (4.14), the expo-

nential factors can be written as

YA
i o(b) + T [AE Z ¢ [ (Up(b,2')-U; (0,21))d2")
0

+
—
(eg)

©-

—
lon

L d
N

~

1

_ o A i .
=1 o(b) + o e (b,Z) (4.26)
If Ui and Uf are taken to be the elastic matrix elements as given by

Egs. (4.2) and (4.3), then N_.. is the distortion factor for the

fi
transformed transition amplitude in the 2-state distortion approxi-
mation. The transition amplitude of Eq. (2.13) has been transformed
by using

JA

C(2) = 2,(2) explE [ U (b,2')d2'] (4.27)
0

where Z = vt has been used and the label m can be i or f. [q. (2.14)

can be rewritten then as
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1

—7— = v LC (D  (Bexpl- Tu ] (4.28)

Ht~~1-h

n=i

where Nnm is defined by Eq. (4.26) and Vnm by kq. (2.17). Also, it
may be noted that A(b,Z) of Eq. (4.8) and Vnm are just the off
diagonal matrix elements. Eq. (4.28) can be solved in a two state

approximation to give for the final state

[ee]

f dZ A(b,Z)expl -

-CO

Co(b) = Nif] . (4.29)

i
\

<[+

o

The T matrix (4.25) can be written using Eqs. (4.26), (4.29), and
(2.24)

Tf_.?ik) = (2m)73 f f b db do RERIREICY Ce (D) (4.30)

The total cross section then can be written as

_ do
Of = J'an-dﬂ (4.31)

Using the differential cross section, Eq. (3.15) and the transforma-
tion

2
- __5%51 ) (4.32)

the total cross section can be written as
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o = (2n)72 f f d?b d%b' C(b) C5(b') exp[io(b)-ip(b')]

qmax e > >
qu e1q-(b-b') (4.33)
qm1'n
where
Ain = ki - kf (4.34)
and
Imax = K5 * Ke (4.35)
In the 1imit of high energy,
qm‘jn ~ Q0 (4.36)
and
Uy = © - (4.37)

The q integration becomes a delta function for b and b'. The cross

section reduces to

[oe]

2 2
o, = f a®lc (b)[2 . (4.38)
0
This shows that in the Timits of the approximations mentioned
the eikonal DWBA and the 2-state distortion approximation can be
expected to yield similar results for the total cross section for

very small angle scattering.
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Electron exchange was neglected in this calculation. The problem
involved with the inclusion of electron exchange in the eikonal DWBA
will be discussed in section VI. Bottcher and Flannery33 have
performed a calculation to determine the effect of electron exchange.
They used a multistate impact parameter approach. However, they
included nuclear symmetry which is inconsistent with an impact para-
meter approach. Geltman36 has pointed out that in any impact para-
meter method the assumption of a classical path forces the nuclei to
be distinguishable. Thus Bottcher and F]annery33 should not consider
nuclear symmetry and their inclusion of it could be considered a
source of error.

33 took into account the rotation of the

Bottcher and Flannery
internuclear axis during the collision. They used a standard
molecular integral program that uses molecular wave functions which
are all quantized along the internuclear axis and then they trans-
formed the results to a rotating frame.

The results of their calculation can be seen in Figs. 11-13.

A1l of the cross sections are shifted from the results of F]annery's6
impact parameter calculation. The peaks for the 1s22Zs excitation
cross sections and the 1s+2pO excitation cross sections have been
Jowered considerably while the peak of the 1ls>2p_ excitation cross
sections has been shifted upwards. A1l the results tend to the Born
cross sections at the higher velocities.

Bottcher and F1anner‘y33 did not include a phase factor to

account for the translational motion of the electron. They argued

that the neglected phase factors should become more important with
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increasing energy. However, since their results tend to the Born
cross sections at high energies, they concluded that the effect of
the phase factor must be small.

RitchieS?

has also performed a calculation to determine the
effect of electron exchange. He assumed the nuclei were distinguish-
able for the reason mentioned above. llowever, he did not take into
account the rotation of the internuclear axis during the collision.

Instead he chose to include the translational motion of the electrons.

The form of the unnormalized wave function he used was

N . iviery iVer,
¥ = Loy (rapog(rgp) e e
>, > >
N N v 'Y'l -1V ’Y‘2 .
* (bls(rZA)(bn(rlB) e e ] ( .39)

where ry and rp, are the distances from the center of mass to electrons
1 and 2, respectively, and v' is one half the relative velocity. The
plus or minus is taken depending upon whether the spin state of the
electrons is a singlet or a triplet. The phase factors are included
to account for the translational motion of the electrons.

The resulting cross section can be seen in Fig. 11. The resul ts
of Ritch1e34 and the results of Bottcher and Flannery33 show a large
disagreement at all velocities. The peaks are separated by a factor
of eleven. This large discrepancy between the theoretical results
raises some questions on how electron exchange should be included.

Ritchie37 in the calculation of the matrix elements makes the

assumption that the velocity of the projectile is along the
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internuclear axis. That is, the matrix elements were calculated for
a head on collision. This greatly simplified the calculation of the
matrix elements, but he assumes that the matrix elements that were
calculated for a head on collision can now be used in a 2-state impact
parameter calculation in which the projectile remains at a constant
impact parameter from the Z axis during the collision. His assumption
that the velocity is along the internuclear axis does not allow for
the rotation of the internuclear axis during the collision and would
be a source of error.

The matrix elements are a double sum due to the expansions of the
plane wave exp(iV'-?l) and the electron-electron interaction term
1/]?1-?2|. The restriction that the velocity is along the inter-
nuclear axis enables the double sum to be reduced to a single sum.

34 assumption that the relative velocity is along

However, Ritchie's
the internuclear axis is unphysical since the relative velocity
decreases as the impact parameter becomes larger. If one uses a
molecular state basis, the rotation of the internuclear axis must be
considered.

The divergent results of the two methods still raises doubts as
to the importance of electron exchange in the intermediate energy

range and also how electron exchange should be included since both

approaches contain unphysical assumptions.
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V. EXCITATION OF HYDROGEN TO THE 2s AND 2p STATES BY HELIUM IMPACT
A. Basic Equations

The eikonal DWBA has been applied to the H-He collisions given by
Eg. (1.1) in the energy range of 2.25 keV (v = .3 a.u.) to 100 keV

(v = 2.0 a.u.).

The interaction potential was taken as

2

> >

1 1 2
rA,rB) -

V(R, = ST T TS
1 [Rtrop-rp| =1 [R+r.al IR-ry]

(5.1)

he~1no

.—_%—-}-.
i

where A and rg are electronic coordinates for the He and H atoms,
respectively.
The wave function of the ground state helium atom needed in the

calculation was taken as the following Hartree-Fock function38.

-1.4r
(F.) = 1.6266 (e 1A

A) -

-2.61r

+.799 e 1Ay

P11

-1.4r2A -2.61r

(e + .799 e 2Ry (¢

5.2)

The optical potentials are represented by the static matrix

elements. That is
Uy = <op0g (Fa) o (Fd IV(RUF R Pg) 10715 (Fp o (Fg)>

- e 28R (_ ga1g - 5:02) 4

e-4.02R( .403)

1.20 + R

% - [
e~5-22R( 309 + 110 4 o 2R (g o5 + 850,

R

+




Likewise,
U?s = e R(-.0592 R® + .306 R - .540 + .3;9)
¢ 0282 R (1 60 4 LQ%Z) s e 402 R (g 5y,
+ e 222 R (317 4 '151)
\
Also

[
1}

“Po Yo 37°
f UoR) - /77 (*E§-- 1) Uy(R)

(1.34 + —*~

I)
(-1.98 R

and
2p, 5
- 1 /5 37
Ug ~ = Up(R) + 3 /zrwT (-'R? - 1) Uy(R)
where
UO(R) = o~2-82 R (1.70 + 1é19) ;o402 R
+ 6-5'22 R (.318 + .lél) + e-R « 10-2
+ 2.29 R - 3.99 + 2h27
and
UL(R) = e 2-82 R 1972 (1.8g + 7224 4 7.75 , 2.
2 R 2
-4.02 R -3 3.73 , 2.54 .
t e ) x 10 (1.30 + + +
R R
> N
v o522 R0 (579 4 1.55 . .6;6 , 126
R
+ e R 1072(3.13 #% - 365 R+ 2.66 + 373 - 281

66

(5.4)

(5.5)

(5.6)
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The off diagonal matrix elements are given by

>

= et R (gaz p - 153+ L3L) L 282 R 440 123
_ e—4.02 R . 10—2 (4.56 + 7&90)
_ 8—5-22 R < 10‘3 (3.14 + 3é93) (5.9)
Likewise,
> 3 Z :
AZPO(R) =/ ﬁ»AO(R) (5.10)
and
>y 3 b ¢
A2p+(R) = - *8'7'{ R e AO (5 11)
where
_ ~-2.82 R 1.61 .588
Ay(R) = e (.451 + === + 2 )
+ e-4.02 R 10-2 (3.48 + 7.77 | 1.93)
R 2
R
+ e-5.22 R 10-3 (1.85 + 3ﬁ02 + .5;8)
A R
" e—l.5 R (_-901 R + 1.33 - _A_‘gél - -———-—~'688) . (5.12)

R

The T matrix, LEq. (3.39), can be simplified by using the same

procedures as was used for the li-H collision T matrix elements.
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Egs. (4.12) to (4.20) would be applicable by simply substituting the

H-He matrix elements in for the H-H matrix elements.

r

8. Results and Discussion
1. Differential Cross Sections

The differential cross sections for the 1s»2s excitation are
presented in Figs. 14-17 for the incident velocities v = .3, .632,
1.0, and 2.0 a.u. The eikonal DWBA results are compared to the first
Born approximation results and in Fig. 15 to the experiment of Sauers,
Nichols, and Thomaslz.

The eikonal DWBA results have the same characteristics for the
H-He collisions as they did for the H-H collisions results presented
in section IV. The differential cross sections for the eikonal DWBA
lie below the Born results for small angles and remain above them for
larger angles. A significant amount of the total cross section is
scattered into the larger angle region.

The second peak is also present in the eikonal DWBA results.

The peak is quite sharp for Tow velocities, Fig. 14, and dies out for
high velocities, Fig. 17. The occurrence of this peak is attributed
to the interference of the distortion factor exp[i ¢(b)] and the

term Jm(kfbsine).

A direct comparison of the H-H results and the H-lle results
(for example, Fig. 4 to Fig. 16) in the center of mass frame shows
that the H-te results peak at a nigher value and at a smaller angle.

Also, the second peak in the H-lle results occur at a higher value

and at a smaller angle in comparison to the H-H results. lowever,
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FIG. 14. Differential cross sections for the excitation of
hydrogen to the 2s state by helium impact for an incident velocity
of 0.3 a.u. or for an incident energy of 2.25 keV. The solid line
is the eikonal DWBA and the dashed line is the first Born approxima-
tion. Both the differential cross section and the scattering angle

are given in the center of mass coordinate system.
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FI1G. 15. Differential cross sections for the excitation of
hydrogen to the 2s state by helium impact for an incident velocity
of 0.6324 a.u. or for an incident energy of 10 keV. The solid line
is the eikonal DWBA and the dashed line is the first Born approxima-
tion. The circles are the experimental data of Sauers, Nichols and
Thomas, Ref. 12, and have been multiplied by a factor of four. Both
the differential cross section and the scattering angle are given in

the center of mass coordinate system.
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FIG. 16. Differential cross sections for the excitation of
hydrogen to the 2s state by helium impact for an incident velocity
of 1.0 a.u. or for an incident energy of 25 keV. The solid line is
the eikonal DWBA and the dashed 1ine is the first Born approximation.
Both the differential cross section and the scattering angle are

given in the center of mass coordinate system.
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FIG. 17. Differential cross sections for the excitation of
hydrogen to the 2s state by helium impact for an incident velocity
of 2.0 a.u. or for an incident energy of 100 keV. The solid line !
is the eikonal DWBA and the dashed line is the first Born approxi-
mation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.
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if both results are transformed to the laboratory frame, a comparison
of the results show that most of the differences can be attributed to
the difference in the reduced masses of the H-H and H-He systems. In
the laboratory frame, the H-H results lie above the H-He results for
small angles and then lie slightly below for large angles. The first
and second peaks for both collisions occur at the same angle.

In Fig. 15, a comparison is made to the experimental data of

12. Their results have been multiplied by

Sauers, Nichols, and Thomas
a factor of four. The comparison shows good agreement for both the
shape and the slope of the curves. The experiment shows that large
angle scattering does occur and that it is dying off slowly. The
relative magnitude being off by such large factor is an unresolved
problem. The experimental data at the time of this writing is
unpublished, so the details of the actual experiment are unknown.

The procedure that Sauers, et a1.12 used to normalize the experimental
data could possibly account for the constant factor between the

theoretical and experimental results. It would be of interest to

12

know if the differential cross section of Sauers, et al. ", could be

integrated to give the total cross section of previously published
results. If the total cross section disagrees by a constant factor,
then a systematic error in the experimental results of Sauers, et a].lz,
would be indicated. However, at this time only conjectures can be
made.

A similar set of results are presented in Figs. 18-21 for the

2p0 and the 2p excitations for the incident velocities v = .3, .5,

1.0, and 2.0 a.u. The same general comments mentioned before also
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FIG. 18. Differential cross section for the excitation of
hydrogen to the 2p0 and 2p, states by helium impact for an incident
velocity of 0.3 a.u. or for an incident energy of 2.25 keV. The
solid line is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the scatter-

ing angle are given in the center of mass coordinate system.
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FIG. 19. Differential cross section for the excitation of
hydrogen to the Zpo and 2p+ states by helium impact for an incident
velocity of 0.5 a.u. or for an incident energy of 6.25 keV. The
solid line 1is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.
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FIG. 20. Differential cross section for the excitation of
hydrogen to the 2p0 and 2p+ states by nelium impact for an incident
velocity of 1.0 a.u. or for an incident energy of 25 keV. The solid
line is the eikonal DWBA and the dashed line is the first Born
approximation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.
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FIG. 21. Differential cross section for the excitation of
hydrogen to the 2p0 and 2p,_ states by helium impact for an incident
velocity of 2.0 a.u. or for an incident energy of 100 keV. The solid
line is the eikonal DWBA and the dashed 1ine is the first Born
approximation. Both the differential cross section and the scattering

angle are given in the center of mass coordinate system.



85

10]

|

Tlllll

I

lllllll

| T T 11 Ill'

L1 1111

L 1.1 lllll ] L1 11 1111 |

1

L 11 lll

10

® (rad.)

Figure 21



86

apply to these results.
2. Total Cross Sections

The total cross section for the 1s+2s excitation is presented in
Fig. 22. The eikonal DWBA is compared to the first Born approximation
and to the 4-state impact parameter calculation of F]annery8 or Levyg.

The experimental data are from the experiments of Orbeli, et a1.3’4,

10, and Hughes and Choell.

Birely and McNeal

Likewise in Fig. 23, the total cross section is presented for the
1s>2p excitation. The source of the experimental data is the same as
in the 1s»2s excitation with the addition of the experimental data
of Dose, Gunz, and MeyerS‘

The eikonal DWBA results in Figs. 22 and 23 follow closely to
the 4-state impact parameter results. This was expected from the
analysis of the H-H scattering in section IV. The first Born approx-
imation seems to predict the experimental data better than the other
theoretical methods. However, since the validity of the first Born
approximation is questionable at lower velocities, Levy9 has pointed
out that the agreement may be accidental.

The experimental data are from experiments that use the same
general technique. That is, the cross sections are calculated from
the intensity of the light emitted from the excited states of the
hydrogen atoms. The Lyman-o radiation is emitted spontaneously from
the H(2p) state and the intensity of the radiation gives a relative

value for the population of the atoms that were in the 2p states.
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FIG. 22. The total cross section for the excitation of hydrogen
to the 2s state by helium impact. The solid line is the eikonal DWBA
and the dashed 1ine is the first Born approximation. The dash-dot
line is the 4-state impact parameter calculation of Flannery, Ref. 8,
or Levy, Ref. 9. The triangles represent the experimental data of
Orbeli, et al., Refs. 3 and 4; the squares, Birely and McNeal, Ref.

10; and the circle-line, Hughes and Choe, Ref. 11.
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FIG. 23. The total cross section for the excitation of hydrogen
to the 2p states by helium impact. The solid line is the eikonal DWBA
and the dashed line is the first Born approximation. The dash-dot
1ine is the 4-state impact parameter calculation of Flannery, Ref. 8,
or Levy, Ref. 9. The triangles represent the experimental data of
Orbeli, et al., Refs. 3 and 4; the squares, Birely and McNeal, Ref.

10; the hexagons, Dose et al., Ref. 5; and the circle-line, Hughes

and Choe, Ref. 11.



o (cm?)

10

90

{ I | L T’l‘rll

\ oo ol

L1 11

11 llgll

|

10
E (keV)

Figure 23

10



91

The addition of an electric field quenches the excited H(2s) atom and
the resulting Lyman-o radiation can be used to find the relative
population of the 2s state. Cascade effects into the 2s and 2p

states could be important in the measurement of these cross sections.

11

However, Birely and McNea]10 and Hughes and Choe™ " have estimated

the cascade effect to be small, 3-6 % for H(2s) and 10-15 % for

H(2p). The more recent experiments of Birely and McNea110 and

11 have made several adjustments to improve their

3,4

Hughes and Choe
results over the earlier experiments of Orbeli, et al. , and Dose,
et a1.5, and should be considered to be the more accurate experiments.
The region of the largest disagreement between the experimental
data and the eikonal DWBA results is at lTow energy where the eikonal
DWBA is not expected to be valid. At the lower energies electron

exchange may become important. The question of electron exchange

will be discussed in the next section.
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VI. CONCLUSION

The eikonal DWBA presented here is at the moment the only means
other than the first Born approximation to predict differential
cross sections in the intermediate energy range for atom-atom
collisions. As was seen in section V, the eikonal DWBA gave differ-
ential cross sections which compared quite favorably with the experi-
mental data of Sauers, Nichols and Thomaslz. However, the comparison
of the total cross sections to the experimental data was in poor
agreement at low energies.

The neglect of electron exchange can be a source of error in
the calculation. There is some question at the moment as to the
importance of electron exchange in the intermediate energy range.

At low energies, it is obviously important since electron exchange
is essential in the evaluation of molecular states.39 At high
energies, electron exchange is not considered since the electrons
can be associated with one center or the other and the collision
occurs in such a short time that the time needed for electrons to
arrange themselves into molecular states is not available. The
intermediate energy range could be said to possess characteristics
of both energy extremes.

Consider electron exchange for the H-H collision. Even though
the equations including electron exchange can be written down, the
solution to the equations is difficult. The exchange term will
contain a two-center integral that is similar to integrals that

occur in the Heitler-London method40 for the hydrogen molecule.
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The two-center integral can be done in closed form for the hydrogen
molecule in the ground state, but S]ater40 has pointed out that the
exchange term for excited states cannot usually be done in closed
form and that the evaluation of the exchange term must be performed
numerically. Thus, the inclusion of electron exchange in the present
calculation would be a formidable task and would greatly increase the
computation time needed. The inclusion of exchange for systems with
more electrons,such as the ti~He collision, becomes increasingly more
complicated.

The information for a particular collision channel is contained
in the optical potentials and the off diagonal matrix elements. If
the optical potentials and the off diagonal matrix elements can be
found by some approximate means, then the eikonal DWBA can be used.
One possibility is the use of generalized oscillator strengths.
Levy41 has used experimental generalized oscillator strengths to
calculate the matrix elements for the excitation of H by Ne, Ar, and
Kr, using the multistate impact parameter method. Also the Hartree-
Fock potential of a complicated atom can be used in the calculation
of the matrix elements. F]annery8 started with the Hartree-Fock
potential for He instead of the He wave function in his calculation
for the H-He collision.

In the final analysis, I can conclude that the eikonal DWBA is
a very promising approach to finding differential cross sections.
Comparison to the experimental data shows relative agreement with the
calculated differential cross sections. The total cross section of

the eikonal DWBA was shown to reduce to the 2-state distortion



approximation in the 1imit of very small scattering angle and high
energy. A comparison of the calculated total cross section to

experimental data shows a strong disagreement at lower velocities.

94
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VII. APPENDIX, NUMERICAL PROCEDURE

The numerical procedure used to solve the two dimensional integral
for the T matrices (Eqs. (4.12)-(4.20)) was a standard Gaussian quad-
rature. Since this numerical procedure is so common, a listing of it
is unnecessary. I will, however, mention a few specific peculiarities
that may be of interest.

The infinite integration were performed as a sum of integrals
over a small step size. When the sum converged to a particular value,
the integration was stopped. However, since the integration was for
an oscillating function, the convergence of the integral was not
checked until the oscillation had died down. Since the off diagonal
potential matrix elements (Eqs. (4.8)-(4.11)) are not long range and
die off exponentially, the oscillations die out rapidly and the b and
Z integrations did not have to be carried out very many steps to
ensure convergence.

The oscillations of the Z integration were not very rapid, even
for large scattering angles, so a larger step size could be chosen
for it. The oscillation of the b integration was very rapid for
small b, so a small step size was taken. For larger b, the step size
could be larger, since the oscillations were not as rapid.

The integral for y(b,Z) was performed in a similar manner. At
the end of each step of Z and b, the value of y{b,Z) was stored in a
matrix. This was done since these values would be needed when the
integral would be repeated for a different scattering angle. The
value of ¢(b) was then the value of y(b,Z) where Z was taken to be

the largest value of Z that was stored in the matrix. This procedure



96

reduced the computation time by a factor of three and enabled the
program to run in a reasonable amount of time.

The integration of the differential cross section over the solid
angle d gave the total cross section. The same numerical procedure
was used. The step size was chosen small for small angles since the
differential sections peak sharply for small angles. For larger
angles the step size could be larger since the differential cross
sections die off slowly with larger angles.

The program was checked by reproducing the values of the differ-
ential cross sections for e-H excitation given by Chen, Joachain, and
Watson14. The step sizes for the b and Z integration were also
varied and the step sizes, that were the largest, but yet gave the
most accurate results, were used.

The program was written in Fortran V and run on an I8i1 360,
model 50. The time for the program to calculate the differential
cross sections and the total cross section for a particular velocity
was 30-60 minutes depending upon the number of points chosen to
integrate the differential cross section. The total time to generate

all the results presented in the H-H and H-He sections was over 25

hours.
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