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1 Coupling and Tranport Plans

Definition 1.1 (Coupling). Given two probability spaces, (21, Fi, pu1) and (Qa, Fa, pi2),
a coupling of (u1,p2), is a measure m on 1 x Qo with marginals p1 and pe,
that is,

m(F1 x Qo) = i (Fy) VF € Fy

(1 X Fy) = pa(Fa) VFy € Fo
Alternatively, one can view a coupling as a pair of random variables X; :
(Q, Fu, P) — (0, Fi, i) satisfying p; = XixP. Just find a pair (X1, X3)
satisfying T = Po (X7, X5 1); there are existence theorems (Theorem 1.104 in

[3]) which show that, for a given distribution, there exists a random variable
which generates that distribution.

Claim 1.2. 7 is a coupling of the probability measures (u1, p2) iff V(p1, P2) €
LY(Qq, 1) X LY(Qa, p2), or equivalently L>=(Qq, p1) x L= (Qa, pa), we have

| @0 pintey) /¢1 dn(z /¢>2 dis(y
Q1 X0
Proof. “ =" Take ¢; = 14 for some A®) € F;, then
/ ¢1 4 P2 dm = sup (r(AN, F®) 4 n(FM), A®)))
0 %Q (F(1>7F(2>)€]-"1><]-"2)
1 2

by definition of Lebesgue integration. Since measures are monotone and A™M x
F® c AW xQ, € Fi xFy VF (2) € F, and similarly for F() x A the integral
is maximized when (F(), F(?)) = (Q,95), and by the marginal restrictions of
m we have

/ ¢1 + do dr = py (AN + 11 (A®)
Ql X Qz
Then proceed to simple functions and then limits of simple functions.

“ e="7 Take ¢; = 1) for F) € F; and ¢y = 0, then
m(F 1)><Q2 / ¢1d7r—/¢>1d,u1 )

Ql XQQ

Similarly with ¢ we obtain the result. O

Definition 1.3 (Transport Plans). The set of transport plans is the set of
couplings on Q1 X Qo for (u1, u2), that is,

(1, p2) = {m: F1 x Fo = R U{oc} | 7 couples (p1,p2)}

Claim 1.4. Given two probability spaces, (21, F1,11) and (Qa, Fa, u2), the set
of transport plans is nonempty.

Proof. (p1 ® pa) € H(p, p2) [



2 Kantorovich’ O. T. & Basic Properties

Let ¢ : Q1 x Q3 — RY U {oco} be a loss metric and (;, F;, ;) a probability
space. The Kantorovich optimal transport problem is finding a 7* satisfying

7" e arginf K.(m)= arginf / c(x,y) dr(z,y)
meIl(p1,p2) el (p1,p2)
Sll XQQ
where the quantity ‘c(x,y) dr(x,y)’ can be interpreted as “ moving the amount
dr(z,y) from x to y at a cost ¢(x,y).” The minimal cost will be denoted
Ce(p1, 2) = Ke(m*). The problem can also be posed with random variables,
using the same notation as in Definition we have

(X7,X3) € arginf Ep[c(X7, X2)]
X;eF;
Hi=X; 4P

We want to prove the following:

Theorem 2.1 (Existence of an optimal coupling). Let (;,F;) (1 = 1,2) be
two Polish probability spaces, i.e. a separable, completely metrizable, topolog-
ical, probability space; let a; € L'(Q;,RU {—oco}, ;) (i = 1,2) be two upper
semicontinuous functions. Let ¢ : Q1 x Qy = RU {00} be a lower semicontinu-
ous cost function, such that c(x,y) = a1(x) + a2(y) for all x,y. Then there is
a coupling of (p1, t2) which minimizes the total cost E| (X1, X2) | among all
possible couplings (X1, Xs).

Note. The lower bound for c(e,e) in Theorem [2.1| guarantees a lower bound
for the Kantorovich problem, this is because, by Claim

inf /a1 +as dm = /a1 +ag d(p @ p2) < Ke(m*)
mell(p1,p2)

and since the ’a;’s are integrable, we obtain a lower bound. O
To prove Theorem [2.1] we will first need a few lemmas.

Lemma 2.2. Let f be a nonnegative lower semicontinuous function on . If
(un)nzl converges narrowly to u, then

/f d,uélirr%inf/f dpin,

Proof. Since g is lower semicontinuous 3(f,),>; C Cy(Q) such that f, t f by
Lemma Let € > 0, by the Beppo-Levi lemma for nonnegative increasing
measurable functions, we have that 3K € N s.t. Vk > K

’/fdu—/fkdu’=/fdu—/fkdu§6



rearranging we obtain
/fdﬂ§/fkdﬂ+€ (%)

Now, by narrow convergence, we have that IN € Ns.t. Vn = N

‘/nw/ﬁwn

by definition of the absolute value we have

—6</fkdu—/fkd/~tn<6

and then we add ¢ to both sides
0< [fdu= [fidun< [fodu= [fdmre<ae @

“Adding zero” to (), applying (k#)), then recalling that [ fr dun, < [ f dun
since fr £ f V k € N we obtain

[ans [nodnz [ o+
Z/fkdun+(/fkdu—/fkdﬂn>+6

é/fk dpip + 3¢
§/f@m+%

< €

Now, by taking the liminf in n and taking e | 0 we obtain the result

lirr%inf/f du:/f duglirr%inf/f dpin,
O

Lemma 2.3 (Lower semicontinuity of the cost functional). Let Qy and Qg be
two Polish spaces, and ¢ : 1 x Qy — R U {o0} a lower semicontinuous cost
function. Let h : Q1 x Qo — RU{—00} be an upper semicontinuous function
such that ¢ =2 h everywhere. Let (mp)ren be a sequence of probability measures
on Q1 X Qa, converging weakly to some m € P(Q1 x Qa), in such a way that
h € LY(m,) N LY(x), and

/hdwk’”—°°> / h dr

521 XQQ &21 XQQ

/ ¢ dm < liminf / c dmy,
kToo

legz Q1><Q2

Then



Proof. Replace ¢ by ¢ — h, a non-negative lower semicontinuous function, and
apply the previous lemma. O

Lemma 2.4 (Tightness of transference plans). Let 1 and Qs be two Polish
spaces. Let Py C P(F1) and Py C P (Fz) be tight subsets of P(F1) and P(Fs)
respectively. Then the set TI(Py1, P1) of all transference plans whose marginals
lie in Py and Py respectively, is itself tight in P (F1 X Fa).

Proof. Let uy € P1, pe € Py, and 7 € II(pug, p2). By Ulam’s tightness theorem
(and by assumption), we have that

Ve > 0 3 compact K& < Q; (UL p) s.t. (2 \KD) < e
Let (X1, X2) be a coupling of (u1, pi2), that is, law(X;) = X; 4P = p;, then

— P((X1, X)) € KV x K£P)

=P{w]|Xi(w) ¢ ’C(”}ﬂ{w | Xo(w) ¢ £2)
—IP’( KD N X (2 \ KP))
P(X7H (2 \ KDY U X5 (22 \ KP))
( (2

<IP’( (@ \’C”))Jr]P’(Xz (€2 \ K¢

= (2 \ED) + 12(22 \ £2)))
Sete=2e Il py

0)

And since K is compact, we have, by Theorem (Tychonoff), that K x
kP Q1 x Q9 too is compact; therefore, II(Py, Po) is tight. O
Proof of Theorem[2.1] Since ); is a Polish space, we have, by Theorem [B7]

(Ulam), that u; is tight and, by Lemma that II(uq, pe) is tight, and so by
Theorem (Prokhorov) this set has a compact closure. Now, take (m4);>; C

(g1, po) st mg 1% in the narrow sense; we want to show that = €
I (p1, p2), i-e. has margins p1 and po. Let (¢1,¢2) € LY (u1) x L (ug), then we
have

/¢1+¢2dﬂk—/¢1dul+/¢2duz—> / 1+ @2 dm

QlXQQ QIXQQ

/ ¢1+¢2dw=l¢1dul+l¢zdu2

Ql XQQ

hence

and by Claim[L.2] we conclude that 7 € II(j1, p12); hence, II(u1, pi2) is closed, and
since it has a compact closure, we have that it is compact. Now let (m1);>; be

the minimizing sequence for [ ¢ dmj, which converges to the optimal transport



cost. Since TI(u1, u2) is compact, take a narrowly convergent subsequence to
7 € II(p1, p12). Notice that

h: Ql X QQ > (Il,l‘g) — CLl(Z'l) +CL2(£Z?2) = h(xl,xg) cR

is L(m) N LY(7) and, by assumption, ¢ = h everywhere; moreover,

/hdwk:/hdﬂz/aldm—i—/agdug

Therefore, with Lemma 2.3 on ¢ — h, we have

/c dr < liminf/c dmy,
ktoo

thus 7 is minimizing. O

Theorem 2.5 (Optimality is inherited by restriction). Let (£2;, F;, p;) (i =1,2)
be two Polish spaces, a; € L*(Q,u;), and let ¢ : Q1 x Qo — R U {0} be a
measurable cost function such that ¢ 2 a; + ag; let C.(u1, p2) be the optimal
transport cost from py to pa. Assume C.(u1, u2) < 0o and let w € TI(u1, ua) be
an optimal transport plan. Let 7 be a nonnegative measure on Fi1 X Fa such
that # < m and w(Qy x Q2) > 0. Then the probability measure

’ ™

T A x )

™

N =

is an optimal transference plan between its marginals pj and ph.
Moreover, if w is the unique optimal transference plan between p1 and ps,
then 7' is the unique optimal transference plan between uy and pb.

Proof. Suppose 7 is not optimal, then 3 7 such that, for all F®) e F;,
o x FOY =yl (FD x o) = g

/cdﬂ"</cd7r’

= (m—7)+Zn"

and

Now, consider

=(m— Zi)JrZﬂ”
VA

=(r—Zr')+ Zn"

=n+ Z(n" —7')

where Z = (€ x Q3) > 0 by assumption. It is clear that 7 is nonnegative
since # < 7 and 7" > 0. Note that & € I(uy, po), that is, for all F() € F;

F#(FD x Qg) = i (FO + Z ( ph (FD) = py (FO) ) = pa (FO)

(1 x FO) = (F® + Z (pp(F®) = py(FP) ) = pa(FP)



Since [¢ d(Z(n" — 7)) < 0, we obtain

/cdﬁ:/cdﬂ'—i—/cd(Z(w"—ﬂ’))</cd7r

which contracts the optimally of ; therefore, 7’ is optimal. Now suppose 7 is a
unique optimal transference plan, let " and 7" € II(u, uh) be optimal, define
7 as above and note that # < 7 (since 7 is optimal), hence 7 = 7 yielding

/c{)dﬁz/q’)dﬂ—l—/qﬁd(Z(ﬂ”—w’)):/¢d7r

¥ ¢ € L'(r), and so, by Claim (bounded continuous equality, not L'(r),
suppose oo at a point where m # 0 and 7’ = 0) on (u}, u5), #’ = «” and so 7’
is unique. O



3 The Wasserstein Distance

We want to be able to say that

Cc ) = inf Kc
(1, p2) et ()

is the “distance between p; and ps”, but, in general, C.(e, o) does not satisfy the
axioms of a distance function, i.e. a metric; however, we obtain such a metric
characteristic when c is a metric such as # for some p € N.

Definition 3.1. Let (Q,d) be a Polish metric space, and let p € [1,00). For
any two probability measures pi, pa in (2, F), the Wasserstein distance of order
p between py and ps is defined by the formula

S

1
—(CP — 1 P
Wylproi2) = Chy o) = | it [ (o) dr
Q
inf  (E[d"(X1, X2)]7
= b ([(1, 2)])
law(X;)=p;

Note: In the following I add a compactness assumption to €2 which has not been
there up to now. As I work through [2] and build the presentation for a more
general approach to optimal transport, I will add similar theorems with weaker
assumptions.

Theorem 3.2 (W, is a metric on Z(F)). Let (2, F,d) be a measurable compact
Polish metric space, then W, is a metric on Z(F).

Lemma 3.3 (Gluing Lemma). Let (0, Fi, i) (¢ = 1,2,3) be a compact mea-
sured Polish space with associated transport plans w2 € M(u1, pe) and w3 €
II(po, p3), then 3 w03 € P(F1 X Fo X F3) with marginals ma and mwas.

Proof. Let V.C CP(Q1 x Q3 x Q3) be the vector space
V = {¢r12(z1, 22) + das(2,33) : 12 € Cp (U X D), daz € Cy (2 x Q3)}
and define a functions G : V — R by

G(p12 + ¢23) = / @12 dmiz + / @23 dma3

QxQ QxQ

We will now show that G is well defined. Let ¢12+ ¢o3 = <Z;12 + (523, lets perturb
x1 by Axy

Pr2(x1 + Ay, 22) — Pra(x1 + Ay, 2) = Pz (T2, ¥3) — Paz (T2, ¥3)

= ¢12($1,$2) - ¢12($1,$2)



qnd similarly f0r~x3 we obtain, with the equality restriction, that ¢q19(x1,x2) —
@12(x1,2) and @og(z2, x3) — dos(z2, x3) are functions of z5. Thus

/ ¢12 - <Z~512 dmip = /92512 - 4512 du2
Q

QxQ

= /¢23 - ¢~>23 iz
Q

= / bz — b3 dmas

QxQ

and, by rearranging, we obtain

G(p12 + ¢23) = G(G312 + é23)

and so G is well defined. Clearly G is bounded and linear (its an integral), we
must show that it is positive linear. Let

¢P12(x1,2) + Pa3(x2.23) 2 0

then, with both sides being functions of x5, we have
b12(w1,22) 2 —¢23(w2,23) 2 —i£f¢23($27$3)
3

and that the infimum exists since ¢o3 is bounded. We now have

/ $12 dmia 2 / —i£f¢23($279€3) dmys 2 —/igf%:s(xz,xg) dpo

Ql XQQ Q1 XQQ Q?

/ (o3 dmaz 2 / i£f¢23($27$3) dmag 2 /igfszs(m,xs) dpio

2 X3 Qo x03 Qo

Using the above lower bounds, we obtain

G(p12 + ¢23) = / @12 dmio + / ¢z dmoz

QIXQQ QZXQS
2 —/iﬂf¢23($2,$3) dpg +/iﬂf¢23($2,$3) dpia
x3 x3
Qg Q2
=0

Thus, G is a positive linear functional. So, by Theorem [C.5| (Hahn-Banach

Positive Extension)[with © = C2(Q; x 2 x Q3) and ©' =V, and p(e) = sup(e)
€N



in the definition], 3 G : C( x Qg x Q3) — R, and by the Theorem |C.6| (Riesz
representation) we have 3 7123 € Z(F1 X Fa X F3) corresponding to G yielding

/ P12 + Pz dmiaz = G(P12 + Pa3)
Q®3

= G(¢12 + P23)
= / ¢12 dmi2 + / o3 dmaz V¥ (¢12 4+ ¢23) €V
QxQ QxQ

and we have, from Theorem [B-5] that 793 has marginals 712 and ma3 as desired.
O

Proof of Theorem[3.4 We must show that W, satisfies the properties of a met-
ric in Definition @ It is clear that W, is non-negative, symmetric, and finite
(since the infimum is achieved). Now, suppose 1 = pe = p, then there exists
a random variable X : (Q,,F,,P) — (Q,F) such that p = XxP, then, with
X7 = X5 = X in the definition of the Kantorovich problem, we obtain

/dp(X(w),X(w)) dP(w) = 0

Qs

so Wy, ) =0V p € P(F). Now let pg, pe € Z(F) (not necessarily equal).
If Wp(p1,p2) = 0, then 7* must concentrate all of its mass on the diagonal
Aq C Q x € suppose it didn’t, then IF € F x F |ag s.t. 7*(F) > 0 and

sup (d(xy1,22)) > 0, so we have
(z1,22)EF

1
/dp(x17$2) dr* S Wp(pa, pi2)
b3

which contradicts W, (u1, p2) = 0. With this, we have that V u € CJ ()

Ju@ dn@ = [ @) ar' @y = [ ) an @) = [ o) dua)

Q QxQ QxQ Q

where the second equality comes from the concentration on Agq; thus, p; = po
by Theorem

Now let u; € P(F) (i = 1,2,3),m12 € K(u1, u2), me3 € K(pe, p3), and, by
the Lemma T3 € P(F®3) coupling ma and me3. Letting mi3(e,e) =



m123(e, €2, @) (not necessarily optimal), we obtain

3=

W (1, p3) = / dP(z1,2) dmys
QxQ

=

= / dp($1,173) dmy23

O®3
1
< / (w1, 29) + (s, 73) |7 drins
O®3
<

/ dP(z1,22) dmioz |+ / dP(xo,x3) dmy23
®3 O®3

1

= / dp(l'l,LUQ) d71'12 + / dp(l'g,l'g) d’/TQg

QxQ QOxQ
= Wy (u1, p2) + Wy(p2, p3)

p

which proves the triangle inequality.

10



Preliminaries?

*This section has not been developed in detail as the focus of this text is optimal transport.
The details are left as a future work.



A Topology

Definition A.1 ( Topology, Open/Closed Sets, and Metrizablility). Let  be
a non-empty set, then a collection 7 C 2% is a topology if

i. 0,Qer
w Ty, Ther = Th'NITy,er

19, (Ti)iEICR CcCT — U T, €T
1€L

Sets in T are called open, if T¢ € T then T is closed, and if T is both open and

closed it is clopen. If 3 a metric on Q which induces the topology, then (2, 1)
is called metrizable, that is, 3d : Q@ x Q — R satisfying V x; € Q (i = 1,2,3)

i. d(z1,22) 2 0 with d(x1,29) =0 < 1z = 9
it. d(x1,x2) = d(x9,21)
iii. d(zq1,23) < d(z1,22) + d(22, 23)
(de:{{xEQ:d(mo,x)<r)}:r€@ér&xoeﬂ}.

Definition A.2 (Hausdorff Condition). (Q,7) is called Hausdorff if V 1 #
xo € Q AU; € Tlsz, st Uy, Uz = 0.

Definition A.3 (Polish Space). A topological space (2, 7) is Polish if it is a sep-
arable, completely metrizable, topological space, that is, a space homeomorphic
to a complete metric space that has a countable dense subset.

Definition A.4 (Lower Semicontinuity). Let (2, 7) be a topological space, a
function f: Q — R is lower semicontinuous if one of the following holds

i.{z:f(x)>a}erT YaeR
i. {x:f(x)La}er VaeR
iii. If T is metrized by d, ¥V (zg € Q,¢ > 0) 3 §(xg,€) =0 > 0 s.t.
d(zo,z) <6 = f(x) > flzo) — €
Definition A.5 (Limit Points and Convergence). A point x* is a limit point
of ACQifVU € Tlse» ANU # 0. A sequence (v,),> converges to a point

2 €QifVUET|5,« IN €N s.t. 2, €U Vn 2 N; if T is metrized by d, then
the former can be formulated as

Ve>03INeNst da',x,) <eVnz=N

12



Theorem A.6 (Equivalence of Compactness (Theorem 28.2, pg. 179 [8])). If
a set C C Q) is compact, then the following are equivalent

N
i. V(ZICR(T})iez C7) 5.t.CC UTi 3(C)NS C(Ty)ier st.CC U Cy
1€L n=1

ii. ¥ (@n)pz1 € C I @n)izr € (Tn)nzy & 7 €C st ny — 0

1i. FEvery infinite subset of C has a limit point

Theorem A.7 (Tychonoff’s Compactness (Theorem 37.3, pg. 234 [§])). An
arbitrary product of compact spaces is compact in the product topology.

13



B Measure Theory

Definition B.1 (o-Algebra). Let  be a non-empty set. A collection F C 2%
s a o-algebra if

i. QeF

1. Ae F = A€ F

iii. (Ai)jz1 CF = |JAieF
i>1

Definition B.2 (Measurable Maps / Random Variables). A map X : (Q, F) —
(', F') is called measurable if

XY FYcF

Definition B.3 (Measure / Probability Measure). Let (Q, F) be a measureable
space, the set function p: F — RY U{oco} is a measure if

i. p(0)=0
i p(yAi) = 30 (i)

i>1

The measure p is called a probability measure if u(Q) = 1. The space of all
probability measures on (2, F) is denoted P (F).

Definition B.4 (Image Measure / Distribution). Let X : (Q, F,P) — (', F’)
be a random variable, then we can endow (Q', F') with the distribution, often
called the image measure, = XyP=Po X!

Theorem B.5 (Eq. 1.2 pg. 18 in [1]). Let (2, F) be a measurable Polish space
and p; € P(F) (1 =1,2), then py = pz if

/¢ du1=/¢du2 Vo € CP(Q)
Q Q

Proof. Assume that (X,d) is a metric space and let F' be a closed subset of
X. For S ¢ X and = € S, define d(z,S) := inf{d(z,y),y € S}. Let O,, :=
{ac € X,d(z,F) < n_l}. Then O,, is open and the map

d(z, X\ Oy)
2, X\ O,)+d(z,F)

fn:am—>d(

is continuous and bounded. It converges pointwise and monotonically to the
characteristic function of F. So we get by monotone convergence that u(F) =
v(F) for all closed set F. Now given a Borel set B and € > 0, we can find a
closed set F' and an open set O such that FF C S C O and pu(O\ S) <e. O

14



Definition B.6 (Tightness). A family of finite measures P C P¢(F) is called
tight if
Ve > 0 3 compact K C Q s.t. sup(u(Q\K)) <e
neP

Lemma B.7 (Ulam’s theorem). If (2,7) is a Polish space, and (Q, B(7), u) is
a probability space, then p is tight.

Proof. Result from measure theory, see Theorem 2.49 in [4]. O

Definition B.8 (Weak Convergence in Measure). A sequence of measures
(1n)n>1 converges narrowly to p if V. f € CP(9)

[ £ dun 2 [ 1 a

Lemma B.9 (Prokhorov’s theorem). If (2,7) is a Polish space, then a set
P C P(B(r)) is precompact for the weak topology if and only if it is tight.

Proof. Result from measure theory, see Theorem 13.29 in [3]. O

15



C

Analysis

Theorem C.1 (Baire’s Theorem). If f is a nonnegative lower semicontinuous
function on Q, then 3(fn),>1 C C%(Q) such that fn T f pointwise.

Proof. Let

fn(®) = Inf (f(2) +n - d(e, 2))

zeQ

Then all we must show is that f,, is (i) increasing, (ii) continuous, (iii) convergent

to f.
(i)

(i)

(iii)

We have the inequality f(z) +n-d(z,2) < f(z) + (n+1)-d(z, z). Now
taking the inf in z on both sides yields

f (£() +n-d(z,2) = fale) £ fass(@) = F (F() + (1) - d(z,2))

Also note that z can be x, so we have d(x,z) = 0 and hence
s f (%)
Choose x,y, z € 0, then, by the triangle inequality, we have
f(z)+n-d(z,2) = f(z) +n-d(z,y) +n-dy, 7)
Taking the inf in 2z on both sides and subtracting f,, (y) from both sides
fo(@) = fuly) = n-dly,x)
Since = and y were arbitrary one obtains

|fn(2) = fn(y)] = n-d(z,y)

Now let € > 0 and § = E, then we have
n

d@,y) <8 = |fal0) = @) Sn-dly.a) <n-(S) =€ oy

and we have uniform continuity.

Lower semicontinuity yields, for a fixed zy € €2, that Ve > 0 3 § > 0 such
that
d(zo,2) <6 = f(2) > f(zo) —¢€ (%)

Now suppose d(zg, z) > 0, then 3 N € N such that Vn = N
fz)+n-d(zog,z) 2n-6 > f(xo)
since f > 0. However, we have, from (ED, that f, £ fVneN, so

d( zo , arginf (f(z) +n-d(zg,2)) ) <9
2€Q
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But, for all z € Q s.t. d(zg,z) < § we have, from @),

f(z2) +n-d(xo,2) 2 f(2) > flzo) —€

and so
inf  (f(2) 4 d(w0,2)) = falwo) > flao) ¢
d(z0,2)<8
Therefore,

f(xo) — € = fulxo) = flzo)
and so, taking ¢ | 0 and n 1 oo, we have f,(xq) — f(zg). Since zy € £
was arbitrary, we have that f, — f pointwise.

O

Theorem C.2 (Hahn-Banach Extension). Let (©,[| o ||) be a normed linear
space, let ©' C O be a linear subspace and let £ € (©')*, then 3 £ € ©* such that
lw)=Ll(w)VweO.

Definition C.3 (Riesz Space). A Riesz space R is a vector space endowed with
a partial order, that is, V x1,x2, 23 € R

1. T §$2 = X1+ 3 §$2+$3
1. Va2 0, 21 Sx9 = ar; < axs
iti. 3 sup(xy,x2)

Definition C.4 (Positive Linear Functional & Sublinear). ¢ € Q* is positive
linear if
Vw20 = lw)20

and is sublinear if Vwi,ws € Q and o € Rar
i L(wr + w2) S lwr) + (w2)
it. L(awr) = al(wr)

Theorem C.5 (Hahn-Banach Positive Extension ([6], Theorem 8.31, pg. 330)).
Let © be a Riesz space, ©® C © be a Riesz subspace, and let £ € (©')* be
positive linear, then { extends to a positive linear functional on all of

O if and only if there is a monotone sublinear functional p € ©* satisfying
L) S p(@) VO 0.

Proof. “==": Let { € ©* extend ¢ and set p(#) = £(01) = £(1(0 = 0) - 0)
“<="7: Suppose p: © — R is monotone sublinear with £(6") < p(6') V ¢’ € ©'.
By the Hahn-Banach Extension Theorem 3 /e o extending ¢ and satisfying
£(0) < p(0) ¥ 0 € ©. Then for § =20

—0(0) = £(=0) = p(—6) < p(0) =0

17



and multiplying both sides by —1 we obtain
020 = (6)=0

hence 7 is a positive extension of £. O

Theorem C.6 (Riesz Representation ([5], Theorem 7.3, pg. 22)). Let (©,d) be
a metric space, then ¥V positive { € CP(0©)* 3 tight pn € P(B(0,d)) s.t.

af):/f di ¥ f € Cy(©)
©
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