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A Model for Predicting Liquefaction Induced Displacement
Peter M. Byrne
Professor of Civil Engineering, University of British Columbia,
Vancouver, B.C.

SYNOPSIS:
A simple model for predicting liquefaction induced displacement is presented.
The
method is based on a single-degree-of- freedom system that incorporates the post-liquefactio n
stress-strain response of sand.
The key parameters are the residual strength and the limiting
shear strain, and considerable data presently exists on these two parameters from correlation
with SPT (N 1 ) 60 values.
Based on this data, liquefaction induced displacements from the model
are compared with both field and laboratory measurements. The model predictions are found to be
in excellent agreement with the measurements and indicate that liquefaction induced displacements are very sensitive to the density or (N 1 ) • 0 value.
The large observed displacements
appear to be associated with (N 1 ) 00 values less than 8. Much smaller displacement are predicted
for denser sands with (N 1 ) 50 values in excess of 12.

INTRODUCTION

approach a simple incremental elastic-shear
stress-strain law is used, and the plastic
strains are introduced through a separate
shear-volume coupling equation. The coupling
equation can only predict pore pressure
change at the completion of a strain cycle or
at best at the 1/2 cycle, so the effect of
generated pore pressure can only be accounted
for at these discrete intervals rather than
at every time step and leads to a "loosecoupled analysis" procedure.
Finn, et al.,
however, have shown this procedure to be
adequate in predicting both centrifuge model
behaviour and field experience.
While this
analysis is very efficient compared to a
rigorous coupled one, it is still a very
complex procedure.

Displacements induced by liquefaction of soil
can be very large and result in severe damage
to earth and earth supported structures
including embankment dams and general lifeline facilities.
It is important, therefore,
to be able to predict such displacements, and
much research effort has recently been
applied in that direction.
A simple empirical equation for predicting
the liquefaction induced displacements of
one-dimensional slopes has been proposed by
Hamada et al. (1987).
This equation is based
upon field measurements during past earthquakes.
However, it has a severe shortcoming
in that the density of the sand is not considered, so that slopes comprised of a medium
dense sand or a loose sand that are triggered
to liquefy would be predicted to have the
same displacements.
Although the medium
dense sand would require a higher level of
shaking to induce liquefaction,
it is
unlikely that the displacements would be as
large as for the loose sand.
A displacement
model based on soil mechanics principles and
calibrated with field experience would be
very useful in practice.

Simple analysis procedures exist for predicting the zones of initial liquefaction.
Once
liquefaction is triggered,
either in the
laboratory or in the field, the strains and
displacements become very large as compared
to the cyclic strains that occurred prior to
liquefaction.
For example, the strains to
trigger liquefaction are generally less than
0. 5%, whereas the strains upon liquefaction
could be well in excess of 5%.
The post
liquefaction strains and displacements depend
on the post-cyclic stress-strain characteristic behaviour of the soil, and the geometry
of the slope,
and are not significantly
influenced by the strains that occurred prior
to liquefaction.

A rigorous 2-D dynamic analysis of earthquake
induced displacements
of
saturated
sandy
soils requires a complex stress-strain relation which takes into account cyclic shearvolume coupling effects.
This coupling
involves shear induced volumetric strains
that arise from slip at grain contacts and
results in the generation of excess porewater
pressure which in turn reduces the shear
modulus and can lead to large displacements.
A rigorous coupled analysis of this type has
been developed by Prevost (1981).

It would therefore seem that liquefaction
induced displacement could be computed from a
simple analysis that takes into account the
post-liquefactio n behaviour of
the
soil.
Newmark (1965) presented a simple method for
predicting earthquake induced displacements
of slopes.
His method is based upon a
single-degree-of- freedom model and a rigid
plastic soil.
While his method can be
adapted to account for the reduced strength
of the soil upon liquefaction, it cannot in

A simpler loose-coupled approach following
the concepts of Martinet al. (1975) has been
developed by Finn et al. (1986).
In this

1027

values predicted by the equation so that the
equation represents a mean rather than an
Their data
upper bound as shown in Fig. 2.
indicates that the magnitude of the observed
displacement is approximately proportional to
H rather than H 1 ' 2 , as shown in Fig. 3.

its present form account for the large
strains and displacements that occur within
Herein a procedure
the zone of liquefaction.
is developed for the infinite slope that
considers both the strength loss and the
modulus reduction within the liquefied layer,
and the concept is extended to 2-D slopes in
a manner similar to that outlined by Newmark
(1965).
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Liquefaction induced displacements have been
the subject of great research effort in the
In particular, the study
past 5 years.
(1987) and the
reported by Hamada et al.
numerous papers in both the first Japan-US
Workshop, 19 8 8, and the second US-Japan
Workshop, 1989, contain very useful information on observed displacements.
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The most comprehensive compilation of field
data has been presented by Hamada et al., who
found that liquefaction induced displacements
were strongly related to slope - either the
surface slope, or the slope of the base of
Some of their data is
the liquefied layer.
and indicates that
1.
shown in Fig.
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Comparison of Predicted and Observed
Displacements, Hamada et al., 1987.
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Observed Liquefaction Inuced Displacements versus Gradient of the
Ground Slope, Hamada et al., 1987.
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Fig. 3.
displacements of up to 2-1/2 m can occur on
The Hamada data is
slopes of less than 2%.
mainly from sites that liquefied during the
1964 Niigata and 1983 Nihonkai-Chuba
earthquakes which involved events about M7.5,
and clean sands some of which were very
proposed the following
Hamada et al.
loose.
equations for permanent earthquake induced
displacements,
D; 0.75 H 1
in which D =
thickness of
and e ; the
data varied
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Observed Liquefaction Induced Displacement versus Layer Thickness,
Hamada et al., 1987.

Youd and Bartlett (1988) reported experience
Their results
at sites in the United States.
are shown in Fig. 4 and exhibit more scatter
than does the Japanese data, with a significant proportion of the data plotting well
Some of the data from
below the Hamada line.
and
San Francisco, 1906,
the M8• event,
Alaska, 1964, plot above the Hamada line and
gravelly soils plotted significantly below
the line.

( 1)

displacement in metres, H ; the
the liquefied layer, in metres,
The actual
ground slope in %.
from about 1/2 to twice the

The data presented by Hamada et al. and by
Youd and Bartlett is for slopes that retained
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The observed displacements from the Towhata
Their
et al. tests are shown in Fig. 6.
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Fig. 6.

sufficient residual strength to prevent a
large change in geometry or flow slide from
Their data indicates that for
occurring.
slope less than 6% (3.5°) flow slides did not
occur.

Liquefaction Induced Displacements
from Model Tests, Towhata et al.,
1988.

values are much smaller than predicted by
For a layer thickness of
Hamada's equation.
20 ern the test results indicate a maximum
displacement of about 2 ern as compared to 57
em from Hamada's equation.

Shaking table model studies on liquefaction
induced displacements have been carried out
by a number of researchers including Byrne et
The
al. ( 1982) and Towhata et al. ( 1988).
pattern of displacement for a model slope
from Byrne et al. is shown in Fig. 5 and

There are a number of possible reasons for
this:
The material is medium dense (Dr ~ 55%),
1)
and would behave as an even denser
MolC Acc{'lerotion = 0.08q
lnlllOI Slope = 8°
Final Slope = 0 3°
0,:::: 30°/o

Fig. 5.

Liquefaction Induced Displacements from Model Tests, Byrne et al., 1982.

indicates that when triggered to liquefy, an
initial slope of go flattened to a final
slope of 0.3°. The material was loose Ottawa
sand with a relative density, Dr~ 30%. The
downslope displacement pattern is slightly
curved with depth but can be approximated by
a linear distribution with zero at the base
and the maximum value at the top of the
The observed displacements
liquefied layer.
correspond with a shear shear strain of about
This pattern of displacement is
40%.
consistent with field data reported by Hamada
et al.

2)
3)
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material because of the low confining
stresses of the test.
There are end effects in the testing box
which would restrict displacement, and
The H 1 ' 2 Term in the Hamada equation is
Both the field and
likely incorrect.
the laboratory data indicate displacement are proportional to thickness of
This would sigthe liquefied layer H.
nificantly reduce the Hamada prediction
for small values of H.

The field and laboratory data suggest that
the post liquefaction stress-strain and
strength properties of sand will be important
factors influencing displacements.

<f)
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IX

Considerable data now
liquefaction behaviour
both residual strength
will be examined in the
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exists on the postof sand in terms of
and strains and this
section to follow.
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POST-LIQUEFACTION RESPONSE OF SAND
YL,m

Observed stress-strain response prior to, and
after liquefaction is shown in Fig. 7.
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to liquefaction the strains are small, but
upon liquefaction large strains occur.
When
loaded after liquefaction the sand initially
deforms with an essentially zero stiffness
which then increases with the level of
strain, suggesting a limit strain, rLim·
This is depicted in Fig. Sa together with a
limit or residual strength, sr.
This stressstrain response in which the soil stiffens
with increasing strain is opposite to the
usual response of soil.
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The unusual
stress-strain response
for
liquefied soil results from the fact that,
upon shearing the soil dilates causing the
effective stress to increase as shown in Fig.
8b.
The amount of dilation controls the
maximum increase in effective stress and
hence the residual strength that the material
can develop as shown in Fig. 8.
The residual
strength will be strongly dependent on the
relative density of the soil.

o~--~~4--~~~----~----~,6~--~z~o_____j24
EQUIVALENT CLEAN SAND SPT BLOWCOUNT, !N )
1

Fig. 9.

60

.cs

Relationship Between
(N 1 ) 60
Blowcount
and
Undrained
Residual
Strength, Seed and Harder, 1990.

The limiting strains, rLim' that sand will
undergo upon liquefaction, are shown in Fig.
10.
This data is from seed et al. ( 1984)
and is based on laboratory tests including
tests on undisturbed samples of frozen cored
samples.
The range and average values of
the residual strength, sr, and the limit
strain, rLim• from Figs. 9 and 10 are given
in Table 1.

Residual strengths based upon back analysis
of field experience together with laboratory
testing are shown as a function of the normalized standard penetration test,
(N 1 ) • 0 ,
value in Fig. 9.
This data is from Seed and
Harder ( 199 0) and currently represents the
state of the practice on residual strength
estimated from penetration tests.
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TABLE 1
(N 1)

• o

4
6
8
10
12
16
20
30
40
50

sr Range
Psf

sr Avg.
Psf

0-240
0-320
30-430
120-500
200-680
550-1100
>2000
>2000
>2000
>2000

120
160
230
310
440
825
>2000
>2000
>2000
>2000

The average sr
approximat ed by:
sr = 3 (N 1)

and

: o

rLim%
Range

(b) Single-degree- of-Freedom Model

TLim
Avg.

Stress

100
>40
80
>40
63
>40
40-Large 50
32-Large 40
25
20-30
16
13-20
5
3-7
1.5
0-3
0
0

Displacement, D

(c) Spring Characteristics

Fig. 11.

rLim values can be

2000
Pa

(2)

The model parameters are
liquefied layer.
based on a unit column of soil normal to the
slope and are as follows.

in which Pa = the atmospheri c pressure.
rLim

10(2.2- 0.5 (N 1

) 60 )

The soil mass, M, is given by:
( 3)
( 5)

Test data from Vaid (1990) suggests that the
residual strength of very loose rounded sand
under simple shear conditions is unlikely to
be less than:
sr

=

Single-Deg ree-of-Free dom Model for
Liquefacti on Induced Displacem ents.

0.087 o.:, 0

Tc and TL are the thickness of the crust and
liquefact ion layers respective ly, Tc and rL
are their respective unit weights, and g is
the accelerati on of gravity.

(4)

The driving stress, 'st• is given by:

in which o.:, 0 is the effective vertical
consolidat ed pressure, and this lower bound
will be used when considerin g "average"
values.

'st

(6)

in which 6 is the surface slope.

The residual strength and limiting strain are
the basis of the displaceme nt model presented
in the next section.

The spring stiffness , KL, depends on the
shear modulus of the liquefied soil, GL,
which in turn depends on the residual
strength, sr, and the limit displacem ent,
rLim' as follows:

1-D LIQUEFACTION DISPLACEMENT MODEL
An idealized slope is shown in Fig. 11a and
is modelled as the single-deg ree-of-free dom
system shown in Fig. 11b. The model comprises
a mass, M, and a nonlinear spring, K, representing the stiffness and strength of the

(7)
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The above equations are appropriate for the
linear stress-strain relations shown as the
dashed line in Fig. 13. The laboratory data,

and the spring stiffness, KL, is given by:

The displacement of the crust, Dst• due to
the static driving stress applied to the
softened liquefied layer is given by:
( 9)

If we consider that the onset of liquefaction
is a very sudden event and that just prior to
liquefaction the mass has a velocity, V 0 , and
a displacement
o, then upon liquefaction
the post cyclic stress strain curve is
appropriate and will arrest the motion when
the work done by the external forces acting
on the mass equal the change in kinetic
energy.
The static driving stress, 'st•
produces positive work, whereas the resisting
spring force does negative work as depicted
in Fig. 12.
Equating the net work done to

Pre- Liquefaction

U)
U)

w
0::
1U)

0::

<t

w
I

U)

SHEAR STRAIN,

y

Sire ss

Fig. 13.

Linear and Nonlinear Stress-Strain
Models.

however, suggests that the response follows
the solid line.
This nonlinear response can
be better approximated at any strain level,
r. by a secant G specified as follows:
( 14)

Displocement,D

Fig. 12.

Equation
1 > TLIM'

work Done by External Forces.

is appropriate for 1
Sr.

14
T

=

~

The appropriate static displacement
nonlinear conditions is given by:

the change in kinetic energy as the velocity
decreases from V 0 to zero results in the
following equation for Ddy:

st)
(T -

'''

For

TLIM'
for

the

'(15)

sr
The total displacement, D, from energy considerations can now be obtained from:

( 10)

D'
3

For Ddy < (DLim - Dstl
and

For D
( 11)

(

KL
0 LIM
0 LIM'

-

(16)

and

D = (1/2 M
+

D·•st-1/2 M·V '0 = 0

vo' - 1/3

KLIM
s r . 0 LIM)/(sr- -r stl

(17)

For D > 0 LIM·

( 12)

For D < DLIM' Eq. (16) involves the solution
of a cubic equation.
This can be solved
using Newton's method.
The use of a trial D
equal to twice the value of D obtained from
the linear analysis will converge to the
correct root.

If it is assumed that the spring stores no
energy, in agreement with the laboratory data
of Fig. 7, then Ddy is a permanent displacement, i.e., there is no rebound.
The total displacement, D, is given by:
( 13)
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MODEL PREDICTIONS
The model predictions are first compared with
the Hamada et al.
(1987) equation.
Since
most of the data on which this equation was
based involved an average layer thickness of
1.5 m, this thickness was used in the comparison.
The Hamada et al. prediction as . a
function of ground slope is shown as a sol~d
line in Fig. 14. The predicted displacements
for the various (N ) 6 0 conditions are also
shown.
The sr and I Lim implied by these
(N 1 ) 60 values correspond with the average
values shown in Table 1.
The following
additional parameters were used: Tc = 1.5 m,
TL = 1.5 m, V 0 = 0.2 m/sec.

4

E

3

,...
u

=

! 5 m

I

2

Model--l

<(
_j

a.
(/)

'(_

0

-~-----~omo_do

"-a

\

Ave'o~e s,>~
0

0

10

20

( N, lso

I
I
I

Liquefied Layer • 1.5m

I

sr. and YLim based on

Fig. 15.

I

average values from

"'"I
"ol

~"'I

Liquefaction Induced Displacement
versus
(N 1 ) 6 0 Value; Model and
Hamada's Equation.
Slope = 2%.
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compared with Hamada's equation.
The displacements are for a slope of 2%.
sr and
'Lim values are based on (N 1 ) 60 from Table 1.
Both the average condition as well as the
lower bound values of sr and the upper bound
on yLim are considered.
This latter condition leads to a lower bound value of modulus
and the largest predicted displacements.
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The proposed model predictions of liquefaction induced displacements
(Fig.
15)
are
strongly dependent on (N,) 60 value.
For the
"average" condition the model displacements
are in excess of 1. 2 m for (N 1 l • 0 <3.
For
(N 1 ) 60 >12, the model displacements are <.2
m.
For the lower bound sr conditions, the
model displacements are very large and
correspond to flow slide conditions for
(N 1 ) 60 <8.
However, even for the lower bound
condition the model predicts displacements
<0.3 m for (N,l 60
12.
Hamada's equation
predicts a displacement of about 1.2 m which
is independent of (N 1 ) 60 values.

GROUND SLOPE,%

Fig. 14.

Liquefied Layer

VLower Sound s,

z

w
::;
w

y
4

I
I
I
I
I

comparison of Model Liquefaction
Induced Dispalcements; and Hamada's
Equation.

The model was also used to predict the shaking table tests of Towhata et al., 1988, and
shown in Fig. 6.
These tests were for relative densities generally ranging between 45
and 66%.
Based on Skempton ( 1986), these
densities would correspond with (N 1 ) 60 in the
range 7-15.
Model predictions were made
using a liquefied layer thickness, TL = 0.2,
a crust Tc= 0 and sr and 'Lim based on (N,l 60
values of 7 and 15, with "average" conditions
from Table 1.
The predicted displacements
ranged between 0.9 and 3.1 em compared with
the observed range of 0. 3 to 2. 5 em.
This
agreement is quite remarkable.
Hamada's
equation predicts 57 em.

The results indicate that the predictions for
(N 1 ) • 0
4 are in close agreement with
Hamada's equation for ground slopes up to
about 3%.
For steeper slopes the prediction
is significantly above Hamada's. The sharply
increasing
predicted
displacement
with
increased ground slope occurs because the
driving stress is approaching the residual
strength and a flow slide condition.
A flow
slide is predicted when the driving stresses
reach the residual strength, and the proposed
procedure predicts the onset of such a situation.
The predicted displacements for (N,l~ 0
values of 8 and 12 are also shown and l~e
well below Hamada's predictions.

The proposed model provides a simple procedure for estimating liquefaction induced
displacements.
The predicted displacements

Predicted displacements as a function of
(N 1 ) 60 value are shown in Fig. 15 and
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are in good agreement with both field and
laboratory test data.
The results suggest
that the Hamada equation is appropriate for
loose sands having (N 1 ) 60 values of less than
about 4. For denser sands which are triggered
to liquefy, the resulting displacements are
likely to be significantly less.

representing the stiffness of the liquefied
layer as well as its residual strength is
incorporated, rather than the rigid plastic
spring considered by Newmark.
Upon liquefaction a loss in stiffness occurs and results
in a static displacement caused by the static
driving stresses acting on the softened soil.
The abrupt nature of the loss in stiffness
will lead to a dynamic displacement because
the driving stresses will be initially
unbalanced and lead to acceleration of the
mass.
In addition, there will be dynamic
displacements due to the velocity of the mass
at the instant of liquefaction.

The model predicts both static displacements
due to the softened stress-strain response as
well as dynamic displacements due to inertia
effects.
The displacement is the sum of
these two values.
In general the predicted
displacement is 2 to 3 times the static
displacement but can be much larger when 'st
is either much smaller than sr in which case
the V 0
term in Eq. 10 dominates, or when 'st
approaches sr in which case the work done by
the static forces is very large and causes
very large dynamic displacements.

The key parameter for the model are the
residual strength and the limiting strains
upon liquefaction.
Based upon experimental
data, these values are strongly dependent on
relative density.
The model predicts displacements that are in
good agreement with both the observed field
and laboratory shaking table values.
The
predicted displacements for denser sands are
very much less, and suggest that the use of
Hamada's equation for slope comprised of
denser sands could be very conservative.

The proposed analysis procedure can be
extended to 2-D slopes in a manner similar to
that used by Newmark (1965) when modelling a
2-D slope as a single degree of freedom
system.
The static driving stress, 'st• for
use in Eq. 9, can be computed from a limit
equilibrium analysis as follows:
(16)
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where sr is the appropriate average strength
along the failure surface and F is the factor
of safety computed from limit equilibrium
analysis.
The other parameters, such as the
crust thickness and the thickness of the
liquefied layer,
should be based on the
geometry and soil conditions present.
A more accurate 2-D analysis can be obtained
from a pseudo-static finite element analysis
in which the post-cyclic stress-strain curves
are used together with an appropriate horizontal seismic coefficient applied such that
an energy balance is achieved following the
concepts of Fig. 12. This is presently being
incorporated
into
the
computer
code
SOILSTRESS, Byrne and Janzen (1981).
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