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COMPARISON BETWEEN DYNAMIC RESPONSES OF HOLLOW AND SOLID
PILES FOR OFFSHORE WIND TURBINE FOUNDATIONS
M. Bayat
Dept. of Civil Eng., Aalborg University
Aalborg, Denmark

L. V. Andersen, L. B. Ibsen
Dept. of Civil Eng., Aalborg University
Aalborg, Denmark

ABSTRACT
The offshore wind energy industry is turning out ever larger numbers of offshore wind turbines every year. One way to achieve a costeffective design is to have a better understanding of the dynamic response of offshore structures. That is why it is getting more and
more important to understand the dynamic behavior of soil and interaction between soil and piles. To avert damage to offshore
foundation, it becomes necessary to identify and quantify the soil-structure interaction and the related damping effects on the system.
In this study, a single pile is investigated by means of boundary integral equations. The pile is modeled as a solid or hollow cylinder
and the dynamic excitation is applied vertically. The surface along the entire interface is considered rough and with full contact
between the soil and the structure. Somigliana’s identity, Betti’s reciprocal theorem and Green’s function are employed to derive the
dynamic stiffness of pile, assuming that the soil is a linear viscoelastic medium. The dynamic stiffness is compared for solid and
hollow cylinders by considering different values of material properties including the material damping. Modes of resonance and antiresonance are identified and presented. It is observed that the absolute value of normalized dynamic stiffness is independent of
Young’s modulus and Poisson’s ratio, whereas it is dependent on the soil’s damping.

INTRODUCTION
There are more than 7,000 offshore structures around the
world. Structures to support wind turbines come in various
shapes and sizes; the most common are Monopile, Jacket,
Tripod, Gravity base and Floating structures (see Fig. 1).
Based on dimensions of pile it can be solid and hollow
cylinder. The tendency of large-size offshore wind turbines
have increased during the last 10 years. As wind turbines get
larger and are located in deeper water, jacket structures are
expected to become more attractive. Generally, a fixed
platform is described as consisting of two main components;
the substructure and the superstructure. Superstructure or
‘topsides’ is supported on a deck, which is mounted on the
jacket structure. Substructure is either a tubular or solid
cylinder.
Support structures for offshore wind turbines are highly
dynamic, having to cope with combined wind and
hydrodynamic loading and complex dynamic behavior from
the wind turbine. The offshore jacket platform is a complex
and nonlinear system, which can be excited with harmful
vibration by the external loads. It is vital to capture the
integrated effect of the total loads. However, the total loading
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can be significantly less than the sum of the constituent loads.
This is because the loads are not coincident, and because of
the existence of different kinds of damping such as
aerodynamic and soil damping which damps the motions due
to the different loads. The dynamic stiffness indicates the
stability and resonance behavior. In fact, the overall weight of
the modern wind turbines is minimized, which makes it more
flexible and corollary more secretive to low frequency
dynamic. Another side, wave propagation in elastic and
viscoelastic medium are considerable issues especially when
there is an earthquake. In modern offshore wind turbines,
instabilities or stability occur due to the coupled damping of
the upper side of the wind turbine and the lower part of that as
the foundation. Most of the failure phenomena are caused by
fatigue while the first natural frequency plays an important
role. In this aspect, stiffness has a predominant role to evaluate
the first natural frequency. The first estimation for stiffness of
foundation comes through the analysis of soil-structure
interaction. Applying inaccurate algorithms in the soilstructure media may also occur when two different numerical
methods are coupled, e.g. the boundary element method
(BEM) and the finite element method (FEM); this problem
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may become even more serious when coupled algorithms and
different physical media are considered simultaneously in the
same analysis as it was mentioned by Jr and Mansur [2006].
Soil-structure interaction (SSI) can be analyzed based on two
methods namely substructure and direct methods which are
highlighted by Wolf [1985]. Maheshwari and Khatri [2011]
analyzed a SSI for a combined footing and supporting column
on soft soil by using an iterative Gauss Elimination technique
while the footing was modeled as a beam having finite
flexural rigidity. Srisupattarawanit et al. [2006] applied BEM
and a computation method to compute nonlinear random finite
depth waves in order to be coupled with an elastic structure.
Guenfoud et al. [2009] employed Green’s function to solve the
integrals resulting from Lamb's problem in order to study the
interaction between soil and structures subjected to a seismic
load. Padron et al. [2009] studied the SSI between nearby pile
supported structures in a viscoelastic half-space by using
BEM-FEM in the frequency domain. Genes [2012] applied a
parallelized coupled model based on BEM-FEM to analyze
the SSI for arbitrarily shaped, large-scale SSI problems and
validation was shown. Comprehensive reviews in applying
different methods pertain to SSI have been done by
Mpahmoudpour et al. [2011].

Fig. 1. Different types of offshore wind foundation.
Zienkiewicz [1982] developed the FEM discretization to
present the behavior of various classes of soil and rock. He
presented a concrete as two-phase medium composed of a
solid skeleton and an interstitial fluid. Karim et al. [2002]
analyzed the saturated porous elastic soil layer under cyclic
loading by using a two-dimensional mesh free Galerkin
method by having periodic conditions. A meshless method
was an effective alternative, because it is difficult for FEM to
analyze the problems associated with the moving boundary.
The time domain response of a jacket offshore tower while the
soil resistance to the pile movement was modeled using p–y
and t–z curves to account the soil nonlinearity and energy
dissipation, was presented by Mostafa and Naggar [2004] by
employing a FE package in order to do parameters study.
Andersen and Nielsen [2003] applied FEM with transmitting
boundary element and presented a solution in the frequency
domain of an elastic half-space to a moving force on its
surface. And also, a two- and three-dimensional combined

Paper No. 2.23

FEM and BEM have been carried out for two railway tunnel
structures in order to investigate what reliable information can
be gained from a two-dimensional model to aid a tunnel
design process or an environmental vibration prediction based
on ‘correcting’ measured data from another tunnel in similar
ground in research by Andersen and Jones [2003]. Then the
steps in the FEM and BEM formulations were discussed, and
the problems in describing material dissipation in the moving
reference frame investigated by Andersen et al. [2007]. Badia
et al. [2009] applied FEM to simulate the interaction between
a fluid and a poroelastic structure due to the fact that both
subproblems are indefinite. Andersen et al. [2012] used
numerical method to analyze a nonlinear stochastic p–y curve
for calculating the monopile response. The time-domain
results for soil-foundation-structure interaction by considering
the dependence of the foundation on the frequency of
excitation were presented by Cazzania and Ruge [2012] by
using FEM. Also, due to the unbounded nature of a soil
medium, the computational size of these methods is very
large. For this reason, it is important to establish some simple
mathematical models which reduce the computational cost of
analysis as well as increase the accuracy of results.
There are several analytical solutions for this type of problem.
Peng and Yu [2011] obtained the analytical solutions of the
torsional impedance saturated soil by using transfer matrix
method. The effects of important parameters such as
frequency and the rigidity ratio of different soil layers at the
top of the pile were analyzed. Belotserkovets and Prevost
[2011] developed a full-analytical method and an exact unique
solution of the coupled thermo/hydro/mechanical response of
a fluid saturated porous sphere subject to a pressure stress
pulse on the outer boundary. The method of solution was
based on the Laplace transformation method. Prakash and Puri
[2006] presented methods for determining the dynamic
response of machine foundations subjected to harmonic load.
The soil stiffness was considered frequency independent for
design of machine foundations. Li and Zhang [2010]
presented an analytical solution in frequency domain by
means of a variable separating method and then a semianalytical solution was obtained using an numerical
convolution method. Chai et al. [2011] employed the thin
layer stiffness method, the matrix stiffness of the thin layer for
P–SV and analytical expressions for the effective phase
velocity of the surface waves to illustrate the effects of the
body waves on the observed phase velocity through the phase
analysis of the vibrations of both the surface waves and the
body waves.
It may be noted that existing literature on offshore monopile
foundations as cited above have been solved experimentally or
theoretically based on numerical and analytical methods. To
the best of our knowledge, no work has been reported till date
that analyzes offshore foundation as long hollow and solid
cylinders by using appropriate mathematical approach and
employing the Green’s function and integral method. This
study attempts to concentrate on this investigation. In this
paper, offshore foundations in an elastic and viscoelastic
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media are investigated by modeling that as long tabular and
solid piles. The integral method along with the Betti’s
reciprocal theorem, Somigliana’s identity and Green’s
function are employed. The vertical loads are applied on the
surface along the entire interface by considering rough and full
contact between the soil and structure. The effect of material
properties such as Young's modulus and Poisson's ratio on
dynamic stiffness and phase angle are illustrated. This work
aims to investigate the effect of some basic factors such as
geometry, damping and frequency on stiffness, phase velocity
in a pile. The exact solutions are obtained in elastic and
frequency domain. Modes of resonance and anti-resonance are
identified and presented.
GENERAL DEFINITION OF MODEL
Consider a thin axisymmetric circular cylinder with small wall
thickness and radius R, as shown in Fig. 2. This cylinder is
subject to harmonically varying forced displacement with the
cyclic frequency 𝜔 and applied in the x3 direction, along the
center axis of the cylinder. In this case, pure antiplane shear
wave propagation (SH-waves) occur which means that there is
no displacement in the x1 or x2 directions. Axial symmetry in
geometry and loading is assumed and cylindrical coordinates
are considered.

∁ (𝒙) is a coefficient dependent a the position (𝒙). In
particular, for any interior point within the domain Ω, the
constant takes the value ∁ (𝒙) = 1. Actually, the value of
∁ (𝒙) simply corresponds to the part of the point that is
included in the domain ୮. Hence, ∁ (𝒙) = 0 at an exterior
point, and ∁ (𝒙) = 1/2 for a point on a smooth part of the
boundary ୮. A detailed derivation for a smooth part of a
surface can be found in the work by Dominguez [1993].

And also, by assuming the surface and body quantities in the
physical state vary harmonically with at the circular frequency
𝜔, then:
𝑢𝑙 (𝒙, 𝑡) = ∪𝑙 (𝒙, 𝜔)𝑒 −𝑖𝜔𝑡 , 𝑝𝑙 (𝒙, 𝑡) = 𝑃𝑙 (𝒙, 𝜔)𝑒 −𝑖𝜔𝑡 ,
𝑏𝑙 (𝒙, 𝑡) = 𝐵𝑙 (𝒙, 𝜔)𝑒 −𝑖𝜔𝑡

(3)

where 𝑢𝑙 (𝒙, 𝑡) are the components of the displacement field,
𝑝𝑙 (𝒙, 𝑡) is the surface traction and 𝑏𝑖 (𝒙, 𝑡) is the load per unit
mass in coordinate direction 𝑖. Vector 𝒙 is the position in
space and 𝑡 is the time. Furthermore, based on Caushy’s law
the relation between surface traction and the Caushy stress
(𝜎𝑖𝑗 ) tensor is: 𝑝𝑖 (𝒙, 𝑡) = 𝜎𝑖𝑗 (𝒙, 𝜔)𝑛𝑗 (𝒙).

FREQUENCY- DOMAIN EQUATION OF MOTION FOR
SH-WAVES

THEORETICAL FORMULATION AND EQUILIBRIUM
EQUATIONS
Somigliana’s identity is based on the dynamic reciprocity
theorem and the fundamental solution which is used for wave
propagation in elastic media. The three-dimensional
frequency-domain version of Somigliana’s identity reads:
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(2b)

∪∗𝑖𝑙 (𝒙, 𝜔; 𝒚) and 𝑃𝑖𝑙∗ (𝒙, 𝜔; 𝒚) are the Green’s functions for the
displacements and the surface traction in the frequency
domain or, in other words, they are the Fourier transforms of
𝑢𝑖𝑙∗ (𝒙, 𝑡; 𝒚, 0) and 𝑝𝑖𝑙∗ (𝒙, 𝑡; 𝒚, 0), respectively. It can be
mentioned here that the Green’s function for a vector field is a
second-order tensor with the components 𝑔𝑖𝑙 (𝒙, 𝑡; 𝒚, 𝜏) which
provide the response at the point 𝒙 and time 𝑡 in coordinate
direction 𝑖 due to a unit magnitude concentrated force acting at
the point 𝒚 and time 𝜏 in coordinate direction l. Hence,
whereas the displacement field 𝐮(𝒙, 𝑡) is a vector field with
the components 𝑢𝑖 (𝒙, 𝑡), the corresponding Green’s function
is a tensor field 𝐮∗ (𝒙, 𝑡; 𝒚, 𝜏) with the doubly indexed
components 𝑢𝑖𝑙∗ (𝒙, 𝑡; 𝒚, 𝜏).

Fig. 2.Cross section of tubular offshore wind turbine
foundation.

∁ (𝒙) ∪𝑖 (𝒙, 𝜔) + ∫୮ 𝑃𝑖𝑙∗ (𝒙, 𝜔; 𝒚) ∪𝑙 (𝒚, 𝜔)𝑑୮ (𝒚) =
∫୮∪∗𝑖𝑙 (𝒙, 𝜔; 𝒚)𝑃𝑙 (𝒚, 𝜔)𝑑୮ (𝒚) +
∫Ω∪∗𝑖𝑙 (𝒙, 𝜔; 𝒚) 𝜌𝐵𝑙 (𝒚, 𝜔)𝑑Ω (𝒚)
where
∞
∪∗𝑖𝑙 (𝒙, 𝜔; 𝒚) = ∫−∞ 𝑢𝑖𝑙∗ (𝒙, 𝑡; 𝒚, 0)𝑒 −𝑖𝜔𝑡 𝑑𝑡

∞

𝑃𝑖𝑙∗ (𝒙, 𝜔; 𝒚) = ∫−∞ 𝑝𝑖𝑙∗ (𝒙, 𝑡; 𝒚, 0)𝑒 −𝑖𝜔𝑡 𝑑𝑡

(1)
(2a)

The antiplane shear assumption induces the displacement
components 𝑢1 and 𝑢2 which are identically equal to zero and
partially derivatives with respect to 𝑥3 vanish, only the
displacement component u3 in the direction out of the (𝑥1 , 𝑥2 )
plane exists and it is constant in along the 𝑥3 direction. In the
case of elastodynamics, this corresponds to the propagation of
SH-waves in the (𝑥1 , 𝑥2 ) plane. When antiplane shear is
considered, only the third component of the displacement field
is different from zero. This holds for both the physical field
and the Green’s function. Hence, Somigliana's identity
simplifies to a scalar integral equation as:
∗ (𝒙,
𝜔; 𝒚) ∪3 (𝒚, 𝜔)𝑑୮ (𝒚) =
∁ (𝒙) ∪3 (𝒙, 𝜔) + ∫୮ 𝑃33
∗ (𝒙,
𝜔; 𝒚)𝑃3 (𝒚, 𝜔)𝑑୮ (𝒚) +
∫୮∪33

3

∫Ω∪∗33 (𝒙, 𝜔; 𝒚) 𝜌𝐵3 (𝒚, 𝜔)𝑑Ω (𝒚)

(4)

SOLUTION FOR A HOLLOW CYLINDER

By considering smooth interfaces, Somigliana’s identity (4)
for the two domains Ω1 and Ω2 o(as shown in Fig. 2) reduces
to:
1
2

(1)
(1)
∗ (𝒙,
𝜔; 𝒚) ∪3 (𝒚, 𝜔)𝑑୮ (𝒚) =
∪3 (𝒙, 𝜔) + ∫୮ 𝑃33
𝟏

(1)
∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑃3 (𝒚, 𝜔)𝑑୮ (𝒚)
𝟏
1 (2)
(2)
∗ (𝒙,
𝜔; 𝒚) ∪3
∪ (𝒙, 𝜔) + ∫୮ 𝑃33
2 3
𝟐
(2)
∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑃3 (𝒚, 𝜔)𝑑୮ (𝒚)
𝟐

(5)

(6)

Green’s function
The fundamental solution for the antiplane displacements is
(Domínguez [1993]):
1

2𝜋𝜇

𝐾0 (i𝑘𝑠 𝜚), 𝜚 = |𝒙 − 𝒚|, i = √−1

(7)

where, 𝜇 is the shear modulus, 𝐾𝑚 represents the modified
Bessel function of the second kind and order m and 𝑘𝑠 is the
wavenumber. The relation between wavenumber and phase
speed 𝑐𝑠 is:
𝜔
𝑘𝑠 =
𝑐𝑠
where 𝑐𝑠 is dependent on the material properties, and it is
defined as:
�

𝐹𝑜𝑟 ℎ𝑦𝑠𝑡𝑒𝑟𝑒𝑡𝑖𝑐 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑑𝑎𝑚𝑝𝑖𝑛𝑔: 𝑐𝑠2 = (1 + i𝜂)
𝑐𝑠2

𝐹𝑜𝑟 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑑𝑎𝑚𝑝𝑖𝑛𝑔:

=

𝜇
𝜌

𝜇
𝜌

(9)

where 𝜂 is the loss factor and 𝜌 is the material density. For a
homogeneous isotropic linear elastic material, the generalized
Hooke’s law forming the relation between stresses, 𝜎𝑖𝑗 (𝒙, 𝑡),
and strains, 𝜖𝑖𝑗 (𝒙, 𝑡), simplifies to
𝜎𝑖𝑗 (𝒙, 𝑡) = 𝜆 Δ(𝒙, 𝑡)𝛿𝑖𝑗 + 2𝜇 𝜖𝑖𝑗 (𝒙, 𝑡)

(10)

where 𝜆 and 𝜇 are the Lame constants, 𝛿𝑖𝑗 is Kronecker delta
and Δ(𝒙, 𝑡) = 𝜖𝑘𝑘 (𝒙, 𝑡) is the dilation. Substituting the
fundamental displacements ∪∗33 (𝒙, 𝜔; 𝒚) from Eq. 7 into
Hooke’s law (Eq. 10) and applying Caushy’s stress law the
fundamental surface shear stresses is obtained:
∗ (𝒙,
𝜔; 𝒚) = −
𝑃33
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i𝑘𝑠 𝜕𝜚

2𝜋 𝜕𝑛

𝐾0 (i𝑘𝑠 𝜚), 𝑘𝑠 = �

𝜔2 𝜌
𝜇

defines the partial derivative of the distance 𝜚 between the
source and observation points, 𝒙 and 𝒚, in the direction of the
outward normal:
𝜕𝝔

𝜕𝑛

=�

(12a)

�(𝒙, 𝒚) ∙ 𝒏
� (𝒚) = cos(𝜑)
𝝔
𝑓𝑜𝑟 𝒙 ∈ ୮𝟏
�(𝒙, 𝒚) ∙ 𝒏
−𝝔
� (𝒚) = − cos(𝜑) 𝑓𝑜𝑟 𝒙 ∈ ୮𝟏

where
𝒙−𝒚
𝜚�(𝒙, 𝒚) = |𝒙−𝒚|
(12b)

(𝒚, 𝜔)𝑑୮ (𝒚) =

(1)
(2)
where ∪3 (𝒙, 𝜔) and ∪3 (𝒙, 𝜔) are the displacements in the
𝑥3 -direction along the boundaries ୮𝟏 and ୮𝟐 , respectively,
(1)
(2)
whereas 𝑃3 (𝒚, 𝜔) and 𝑃3 (𝒚, 𝜔) are the corresponding
surface tractions.

∪∗33 (𝒙, 𝜔; 𝒚) =

𝜕𝜚

𝜕𝑛

(11)

Here φ is the angle between the distance vector ϱ = ϱϱ� and
the normal vector n� .

Continuity conditions
The continuity conditions for the displacements across the
interface for the forced displacement with constant amplitude
� 3 and in phase along the cylindrical interface, ୮ ≡ ୮𝟏 ,
∪
provides the result:
(1)
(2)
� 3 (𝜔), 𝒙 ∈ ୮
∪3 (𝒙, 𝜔) =∪3 (𝒙, 𝜔) =∪
(1)
(1)
�
𝑃3 (𝒚, 𝜔) = 𝑃3 (𝜔) , 𝒙 ∈ ୮
(2)
(2)
𝑃3 (𝒚, 𝜔) = 𝑃�3 (𝜔) , 𝒙 ∈ ୮

(13a)
(13b)
(13c)

Substituting the continuity conditions (Eq. (13)) into Eqs. 5
and 6, by having the constant amplitude for the forced
displacement yield a set of linear integral equations:
∗ (𝒙,
� 3 (𝜔) �1 + ∫ 𝑃33
𝜔; 𝒚)𝑑୮ (𝒚)� =
∪
୮
2

(1)
𝑃�3 (𝜔) ∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑑୮ (𝒚)
1

∗ (𝒙,
� 3 (𝜔) � − ∫ 𝑃33
𝜔; 𝒚)𝑑୮ (𝒚)� =
∪
୮
2

(2)
𝑃�3 (𝜔) ∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑑୮ (𝒚)

(14)

(15)

Analysis
According to the frequency-domain equation of motion for
each domain, inside and outside of the hollow cylinder, the
∗ (𝒙,
𝜔; 𝒚)
dynamic stiffness can be obtained. Eliminating 𝑃33
from equations 14 and 15, the constant amplitude can be
written in terms of the traction on the interface, as follows:
� 3 (𝜔) = 2𝑃�3 (𝜔) ∫ ∪∗3 (𝒙, 𝜔; 𝒚)𝑑୮ (𝒚)
∪
୮

(16)

where the mean traction on either side of the interface (𝑃�3 (𝜔))
is:
1
(1)
(2)
𝑃�3 (𝜔) = (𝑃�3 (𝜔) + 𝑃�3 (𝜔))
(17)
2

The general dynamic stiffness (𝑆33 (𝜔)) per unit surface of the
interface related to displacement along the cylinder axis for
arbitrary geometry of the infinite cylinder becomes:
𝑃� (𝜔)

𝑆33 (𝜔) = 2𝐿୮ �3 (𝜔) =
∪3

𝐿୮
𝛼

,𝛼 =

� 3 (𝜔)
1∪
2 𝑃�3 (𝜔)

= ∫୮ ∪∗3 (𝒙, 𝜔; 𝒚)𝑑୮ (𝒚)
4

(18)
where 𝐿୮ is the length of the interface ୮, measured in the (x1,
x2) plane. In the presented case, an offshore foundation is
considered as an infinite circular cylinder with the radius R
that is with 𝐿୮ = 2𝜋𝑅. In order to compute 𝛼, the cylindrical
polar coordinates 𝛼(𝜉, 𝜃, 𝜁) are introduced (see Fig. 2) such
that:
(19)
𝑥1 = 𝜉 cos(𝜃) , 𝑥2 = 𝜉 sin(𝜃) , 𝑥3 = 𝜁
In these coordinates, the boundary ୮ is defined by 𝜉 = 𝑅, 0 ≤
𝜃 < 2𝜋, ∞ < 𝜁 < ∞ .

In particular, when an observation point 𝒙 with the plane
coordinates (𝑥1 , 𝑥2 = (−1,0) is considered (see Fig. 2), the
distance 𝜚 between the source and observation point becomes:
𝜚=𝑅

𝑠𝑖𝑛2𝜑
𝑠𝑖𝑛𝜑

= 2𝑅𝑐𝑜𝑠 𝜑

(20)

Making use of the fact that 𝜃 = 2𝜑, Eq. 16 may then be
evaluated as:
𝛼=
𝑅
𝜇

2𝜋
1
∫ 𝐾0 (i𝑘𝑠 𝜚)𝑅𝑑𝜃
2𝜋𝜇 0

𝑱0 (𝑘𝑠 𝑅)𝐾0 (i𝑘𝑠 𝑅)

=

𝑅 𝜋
∫ 𝐾0 (2i𝑘𝑠 𝑅𝑐𝑜𝑠𝜑)𝑑𝜑
𝜋𝜇 0

=

by substituting the relation for fundamental surface shear
stress, the dynamic stiffness can be written as:
𝑆𝑠33 (𝜔) =

𝐿୮

𝛼𝑠

=

𝛼𝑠 =

Based on Somigliana’s identity for smooth surface of the rigid
cylinder as mentioned above, one domain would be considered
for the solid cylinder. By representing the equation of motion
for one domain:

, 𝛼𝑠 =

� 𝑠3 (𝜔)
1∪
2 𝑃�3 (𝜔)

𝑅 𝜋
∫ 𝐾 (2i𝑘𝑠 𝑅𝑐𝑜𝑠𝜑)𝑑𝜑
𝜋𝜇 0 0
1
𝜋 𝑅i𝑘𝑠
� +∫0
𝐾 (2i𝑘𝑠 𝑅𝑐𝑜𝑠𝜑)𝑑𝜑�
2
𝜋𝜇 1

=

(25)

𝑅 𝜋
𝐾 (2i𝑘𝑠 𝑅𝑐𝑜𝑠𝜑)𝑑𝜑
𝜋𝜇 ∫0 0

1 𝑅 𝜋
� + ∫0 i𝑘𝑠 cos(𝜑)𝐾1 (2i𝑘𝑠 𝑅𝑐𝑜𝑠𝜑)𝑑𝜑�
2 𝜋

NUMERICAL RESULTS

For numerical illustration of the elastic solutions of this study,
a thin long hollow and solid cylinders with mean radius R =
3.0(m) is considered. The material properties are considered as
(Liingaard and Andersen [2007]):
Table 1. Material Properties

(21)

SOLUTION FOR A SOLID CYLINDER

𝛼𝑠

Then

Density (

Here, 𝑱0 is the Bessel function of the first kind and order 0. It
is noted that 𝐾0 (i𝑘𝑠 𝑅) → ∞ for 𝑘𝑠 → ∞. Hence, 𝑆33 (𝜔) → 0
𝜔 → 0. Furthermore, 𝑱0 (𝑘𝑠 𝑅)has a number of zeros for 𝜂 = 0
and 𝑘𝑠 > 0. At the corresponding frequencies, 𝑆33 (𝜔)
becomes singular.

2𝜋𝑅

1861

𝑘𝑔

𝑚3

Young’s
𝑁
Modulus ( 2 )

)

Loss factor

𝑚
3

9411× 10
13596× 103

Between:
0.01~0.1

Results and Discussion for Hollow cylinder
In the following, results are presented in non-dimensional
𝜔𝑅
and the normalized dynamic stiffness
frequency 𝑎0 =
𝑐𝑠

𝑆33 (𝜔)

�
�, where 𝑍 = 4𝜋(1 + i𝜂)𝜇. Different values of material
𝑍
properties such as Young’s modulus, loss factor and Poisson’s
ratio are considered.
40
35

(2)
(2)
∗ (𝒙,
𝜔; 𝒚) ∪𝑠3
∪ (𝒙, 𝜔) + ∫୮ 𝑃33
2 𝑠3
𝟐
(2)
∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑃𝑠3 (𝒚, 𝜔)𝑑୮ (𝒚)
𝟐

(𝒚, 𝜔)𝑑୮ (𝒚) =

30

(22)

Considering a constant amplitude for the forced displacement
and in phase along the cylindrical interface provides the result
as:
∗ (𝒙,
� 𝑠3 (𝜔) � − ∫ 𝑃33
𝜔; 𝒚)𝑑୮ (𝒚)� =
∪
୮
2

(2)
𝑃�𝑠3 (𝜔) ∫୮ ∪∗33 (𝒙, 𝜔; 𝒚)𝑑୮ (𝒚)

(23)

The general dynamic stiffness 𝑆33 (𝜔) per unit length along
the cylinder of the infinite cylinder becomes:
𝑃�𝑠3 (𝜔)
� 3 (𝜔)
∪
∫୮ ∪∗3 (𝒙,𝜔;𝒚)𝑑୮ (𝒚)

1
2

∗ (𝒙,𝜔;𝒚)𝑑୮ (𝒚)�
� −∫୮ 𝑃33
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𝑆𝑠33 (𝜔) = 2𝐿୮

|S33(ω) / Z|

1

=

𝐿୮

𝛼𝑠

, 𝛼𝑠 =

� 𝑠3 (𝜔)
1∪
2 𝑃�3 (𝜔)

=

(24)

Fig. 3. Normalized dynamic stiffness per unit length of an
infinite cylinder due to dynamic vertical load in the axial
direction for different values of the loss factor, when 𝐸 =
9411 × 103 and 𝜈 = 0.495.

Fig. 3 illustrates the normalized dynamic stiffness based on
the small deformation theory due to different frequencies of
the axial force. The value of stiffness increases with the
increase of the load frequency until reaching a peak point then
decreases to a local minimum for certain value of frequency

5

and again increases with the increase of the load frequency to
next peak point. This procedure is repeated periodically with
the frequency. The local peak point for dynamic stiffness
decreases with increasing loss factor, whilst the local
minimum point of the stiffness increases with decreasing the
loss factor. It can be noticed that the turning point at which the
concave curve changes into a convex curve is the same for all
different loss factors.
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Fig. 4. Normalized dynamic stiffness per unit length of an
infinite hollow cylinder due to dynamic vertical load in the
axial direction for different values of the Young's modulus
𝐸 = 9411 × 103 , 𝐸 = 13596 × 103 when loss factor
𝜂 = 0.1 and 𝜈 = 0.495.

Fig. 4 shows the effect of Young’s modulus on variation of the
dynamic stiffness versus load frequency. The normalized
dynamic stiffness has the same value as the soil with lower
Young’s modulus for all values of load frequency.
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Fig. 7. Phase angle of an infinite hollow cylinder due to
dynamic vertical load in the axial direction for different values
of the Young’s modulus 𝐸 = 9411 × 103 𝑁/𝑚2 and 𝐸 =
13596 × 103 𝑁/𝑚2 when loss factor 𝜂 = 0.1 and 𝜈 = 0.495.
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Fig. 5. Normalized dynamic stiffness per unit length of an
infinite hollow cylinder due to dynamic vertical load in the
axial direction for different values of the Poisson’s ratio
𝜈 = 0.25, 𝜈 = 0.495 when loss factor 𝜂 = 0.1 and 𝐸 =
9411 × 103 𝑁/𝑚2
The variation of the dynamic stiffness with load frequency is
shown in Fig. 5 for different value of Poisson's ratio. It is
observed that the normalized dynamic stiffness is independent
from some material properties of soil such as Poisson’s ratio
and Young’s modulus.
3

Phase angle, arg(S33)(rad)

Phase angle. arg (S33) (rad)

0
0

Fig. 6 compares the phase angle for different values of loss
factor versus non-dimensional load frequency. As it is seen,
𝜋
and the amount of
the phase angle oscillating around line
2
fluctuating around this line decreases with the increase of load
frequency. It can be noted that the absolute value of phase
𝜋
angle respect to central line (line ) decreases with the
2
increase of loss factor.
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Fig. 6. Phase angle of an infinite hollow cylinder due to
dynamic vertical load in the axial direction for different values
of the loss factor when the Young's modulus 𝐸 = 9411 ×
103 𝑁�𝑚2 and 𝜈 = 0.495.
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Fig. 8. Phase angle of an infinite hollow cylinder due to
dynamic vertical load in the axial direction for different values
of the Poisson’s ratio 𝜈 = 0.25 𝑎𝑛𝑑 𝜈 = 0.495 𝑤ℎ𝑒𝑛 𝐸 =
9411 × 103 𝑁/𝑚2 and the loss factor 𝜂 = 0.1.

Figs. 7 and 8 concern the comparison of phase angle for
dynamic stiffness versus non-dimensional load frequency for
different values of Young’s modulus and Poisson’s ratio,
respectively. In contrast with the results for different values of
loss factor, other material properties such as Young’s modulus
and Poisson’s ratio do not have any effect on phase angle like
the results reported in Dominguez [1993], Liingaard, and
Andersen [2007].
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Fig. 10. Scaled mode shape resonance due load with nondimensional frequency 𝑎0 = 5.53 when loss factor 𝜂 = 0.1
and 𝐸 = 9411 × 103 𝑁�𝑚2 .

To present the mode of resonance and anti-resonance, the load
frequencies related to minimum and maximum value of the
dynamic stiffness are needed. In order to calculate the related
frequency, the maximum non-dimensional frequencies for
𝜂 = 0.1 is shown in Fig. 9, which is related to section A. For
anti-resonance, the frequency related to minimum stiffness in
section B as shown in Fig. 9 is needed. Fig. 10 presents the
schematic wave mode inside the hollow cylinder versus 𝜚
(𝜚 = 2𝑅𝑐𝑜𝑠𝜙, from Eq. 20). The value of non-dimensional
frequency is taken from section A in Fig. 9, here 𝑎0 = 5.53 is
considered. Actually, by selecting each value of 𝑎0 to
correspond with peak point (such as: 𝑎0 = 2.42, (or 𝑎0 =
5.53 ), (or 𝑎0 = 8.67), (or 𝑎0 = 11.83), the resonance mode
can be seen. The continuous line in Fig. 10 represents the
wave motion from the left hand side of cylinder to right hand
side, and the dash line represents the wave motion from right
to left hand side of the hollow cylinder. As seen, the wave
motion on left hand side and right hand side have the same
sign, both of them are positive which means resonance
phenomena. The anti-resonance mode can be seen by selecting
the minimum frequencies from section B.
Results and Discussion for Solid cylinder
Figs. 11 and 12 show the effect of loss factor on the dynamic
stiffness and the phase angle of the dynamic stiffness versus
non-dimensional frequency.
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Fig. 12. Phase angle of an infinite solid cylinder due to
dynamic vertical load in the axial direction for different values
of the loss factor when the Young’s modulus 𝐸 = 9411 ×
103 𝑁�𝑚2 and 𝜈 = 0.495.

As it can be seen form Fig. 11, the rate of increasing the
normalized stiffness for smaller value of the loss factor is
higher than those for soil with greater value of the loss factor.
Moreover, it is seen that by increasing the loss factor the
number of local maximum decrease. Fig. 12 shows that at any
local maximum of the phase angle, the peaks decrease by
increasing the loss factor and the reverse manner happen at
local minimum.

Comparison between Hollow and Solid cylinders
In the following figures, results for hollow and solid cylinders
versus non-dimensional frequency in presentence of different
loss factor, Young’s modulus and Poisson’s ratio are
presented.
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Fig. 11. Non-dimensional dynamic stiffness per unit length of
an infinite cylinder due to dynamic vertical load in the axial
direction for different values of the loss factor, when E =
9411× 103 and 𝜈 = 0.495.
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Fig. 9. Normalized dynamic stiffness versus different values of
load’s frequencies by having different values of loss
factor 𝜂 = 0.0 and 𝜂 = 0.1 when 𝜈 = 0.495 and 𝐸 = 9411 ×
103 𝑁�𝑚2 .
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Fig. 13. Comparison between normalized dynamic stiffness
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7

per unit length of an infinite hollow and solid cylinder due to
dynamic vertical load for different values of the loss factor
versus non-dimensional frequency
3
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Fig. 14. Comparison between phase angle of an infinite
hollow and solid cylinder due to dynamic vertical load for
different values of the loss factor versus non-dimensional
frequency
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CONCLUSIONS
Offshore wind turbine foundations are modeled as smooth
long hollow and solid cylinders while it is subjected to
dynamic vertical excitation. The mathematical approach like
boundary integral method is employed to find the exact
dynamic stiffness of offshore foundation, phase angle,
resonance and anti-resonance mode. The offshore foundation
is considered in a viscoelastic media and elastic responses are
presented by using the Betti’s reciprocal theorem,
Somigliana’s identity and Green’s function. The behavior of
the soil with damping and without damping is explored. The
effects of material properties such as Young’s modulus and
Poisson’s ratio on dynamic behavior of soil are investigated.
The results for the soil with loss factor are validated and
compared. Some general observations of this study can be
summarized as:
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Fig. 15. Comparison between normalized dynamic stiffness
per unit length of an infinite hollow and solid cylinder due to
dynamic vertical load for different values of the Young’s
modulus
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Fig. 16. Comparison between normalized dynamic stiffness
per unit length of an infinite hollow and solid cylinder due to
dynamic vertical load for different values of the Poisson’s
ratio
As it is seen from Fig. 13, the numbers of peaks for hollow
and solid cylinders are the same. In some peaks, when the
frequency is small the stiffness in solid cylinder is greater or
smaller than those in hollow cylinder. However for bigger
values of frequency (𝑎0 > 9) the stiffness in solid cylinder is
greater than hollow cylinder when 𝜂 = 0.05. Fig. 14 shows
the phase angle in hollow cylinder tends to oscillate around
𝜋
line and converges to this line, whilst the behavior of phase
2
angle in solid cylinder in completely different, it is moving
periodically without any convergence. It can be seen from
Figs. 15 and 16 the stiffness in solid cylinder is greater than
those in hollow cylinder by considering the loss factor equal to
0.1.
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The dynamic stiffness increases with the increase of the
load frequency until reaching a peak point then decreases
to a local minimum for certain value of frequency and
again increases with the increase of the load frequency to
next peak point for hollow and solid cylinder. This
procedure is repeated periodically. The result is similar to
hollow cylinder which reported in Liingaard and
Andersen [2007].
The local peak point of the dynamic stiffness decreases
with increasing loss factor in solid and hollow cylinder.
The turning point which the concave curve changes into
convex curve happens in the same pint for all different
loss factors in hollow cylinder while this turning point is
not the same for solid cylinders for certain frequency.
The Dynamic stiffness and phase angle in a hollow or
solid cylinder is independent of the soil’s material
properties such as Young’s modulus and Poisson’s ratio
whilst it is dependent on loss factor.
𝜋
The phase angle fluctuates around line and the amount
2
of fluctuating around this line decreases with the increase
of load frequency for hollow cylinder and also by
𝜋
increasing the loss factor it converges to line , whilst
2
the phase angle does not converge to certain value in solid
cylinder.

It is observed that a mathematical approach that pertains to the
vertical vibration analysis of foundation provides good
understanding about the behavior of soil beside the wave
propagation and different modes of the wave. The results
reveal that the presented approach gains the physical
understanding for offshore foundation in the geo-mechanics
field.
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